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ABSTRACT

A Point Interpolation Method (PIM) is presented $tress analysis for two-dimensional
solids. In the PIM, the problem domain is represdnby properly scattered points. A
technique is proposed to construct polynomial patants with delta function property
based only on a group of arbitrarily distributeding® The PIM equations are then
derived using variational principles. In the PIMetessential boundary conditions can be
implemented with ease as in the conventional Figieanent Methods. The present PIM
has been coded in FORTRAN. The validity and efficke of the present PIM
formulation are demonstrated through example probldt is found that the present PIM
is very easy to implement, and very flexible fotabed displacements and stresses of
desired accuracy in solids. As the elements areised for meshing the problem domain,
the present PIM opens new avenue to develop adaptialysis codes for stress analysis

in solids and structures.

KEYWORD: Meshless Method; Element Free Method; fqmdéation Function; Stress
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1. INTRODUCTION

The Finite Element Method (FEM) is a robust andl\gstablished method for modeling
of complex problems in applied mechanics and reléitdds. There are, however, some
shortcomings in using FEM. Mesh generation requirethe FEM can be a very time-
consuming and expensive task. In many problemdh ssscsimulating the growth of
cracks with arbitrary paths, the mesh generatis bercome an extremely burdensome
task, as it has to be adaptive in the processnudlation. The root of the problems is the
use of ‘element’. As long as the element is usieel,problems mentioned above will not
have an easy solution. Therefore, some elementdremeshless methods have been
proposed and achieved remarkable progress in rg@ans. Investigations have been
carried out on possible numerical methods wherehesgare unnecessary. Nayroles et
al! have proposed a technique called Diffuse ElemBi#) (method. Liu et &. have
developed a different class of so called Reprodud{ernel Particle (RKP) method.
Belytschko et af*° have proposed a meshless method called Elemest Gagerkin
(EFG) method and applied the EFG to a large vaonéproblems.

However, because the meshless methods arevedyatiew, there exist following major
technical problems for stress analysis for soliats structure.

« Difficulties in the implementation of essentiallmjundary conditions.

» Complexity in algorithms for computing the intelgion functions which makes the

methods expensive.

Some strategies have been developed for allevigimgbove problenfs®°
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This paper presents a Point Interpolation M@t{fiM), in which only a set of points
is used to represent the problem domain. The atisphent at a point is interpolated by
the displacements in the influence domain of ttegnpp A technique is proposed to
construct polynomial interpolation functions withelé function property. The
interpolation functions can be obtained very effitly and the essential boundary
conditions can be simply imposed, as is done irctmyentional FEM.

The PIM equations are derived using the intefpamh functions based on the
variational principles. Solving these equationstfe displacement field, the stresses and
strains can then be computed. A PIM program has keeeloped in FORTRAN, and
numerical examples are presented to demonstrate ctimyergence, validity and

efficiency of the PIM.

2. POINT INTERPOLANT
Consider a functioru(x) defined in domain® discretized by a set of field nodes. The

PIM interpolatesi(x) from the surrounding nodes of a poigtusing polynomials
S T (1)
u(x Xq) = iglpi (X)g (%) =P (¥a(Xo)

wherepi(x) is monomials in the space coordinatés|x, y], n is the number of nodes in
the neighborhood ofy, & (Xg) is the coefficient fopi(x), and corresponding to the given
pointXq

a'(xo)=[as, a, as, ..., & )

The pi(x) in equation (1) is built utilizing the Pascat&ngle'® shown in Figure 1, so

that the basis is complete. A basis in one dinenis provided by



INTERNATIONAL JOURNAL FOR NUMERICAL METHODS IN ENGINEERING
Int. J. Numer. Meth. Engng 2001; 50:937-951

P (X)=[1, x, %4, 3, X\,..., X (3a)

A basis in two dimensional domain is provided by

PT =L, %, ¥, Xy, X, Y2, Xy, 3% 5, Y (3b)

The coefficients; in equation (1) can be determined by enforcing gong1l) to be

satisfied at th& nodes surrounding poirg. At nodei we can have equation

u=p'(x)a i=1~n )

wherev; is the nodal value af atx=x. Equation (4) can be written in the following

matrix form.
u=Pga (5)
where
U=[ Uy, Uz, Uz, ...ooeyUn] T (6)
Po'=[p(x0), PT(X2), PT(Xa),-...-,P" (X0)] (7)
From equation (5), we have
a=Py" u® (8)
Hence, we have
u()= @x) u® 9)

where the interpolation functiap(x) is defined by
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@X)=p' (P '=[ A, @, @(X),....... AX)] (10)

The interpolation functiomg(x) obtained through above procedure satisfies

a(x=x)=1 i=1l~n (11a)
@0x=x)=0  ji (11b)
iﬂ(XFl (12)
i=1

Therefore, the interpolation functions construchede delta function property, and the
essential boundary conditions can be easily impasdlM. Equation (12) ensures the
interpolation function to be able to representrigel motion.

It is possible thalPQ'1 in equation (10) does not exist in some situatidigure 2(a)
shows 6 nodes in the influence domain of paifntThe 6 nodes are siting in two lines
parallel to thex—axis. When six nodes are used, the polynomial carofocomplete
second order with respect to bathndy coordinates. However, these six nodes shown in
Figure 2(a) can not possibly represent a secondr grdlynomial in they direction, as
there are only two distingtcoordinate values in all these six nodes. TheegfmatrixPq
obtained using these 6 nodes is not reversible.

This problem can be avoided if a appropriaésid is chosen according to the
distribution of nodes. Ii®y is used to replac¢ in the basis for the 6 nodes shown in
Figure 2(a), the matriRg will not be singular. This method is useful foms® problems
that the appropriate basis for the nodal distriyutis easy to be found. However, this

method is difficult to be used in some practicalgppems. The method of moving nodes
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by a small distance before computing to avoid ingwarity of Po can be used. The

moving distancely of i node is
dni =ald; (13)

where,a is a small coefficient chosen as €a& 0.2 in this paper. The is the shortest
distance between the nodeand neighbor nodes. This procedure is illustraeBigure
2(b). After moving nodes, the new matR is, in general, not singular aig™ can be
computed.

The other problem is how to define the influemmenain for a poinky. A simple
method is drawing a circle of radiusThe circle can be defined as the influence domain
The number of nodes, can be determined by counting all the pointshia influence

domain. In this paper, we use4~15.

3. VARIATIONAL FORM OF PIM
We consider the following two-dimensional problefisolid mechanics in domaif?

bounded by:
Oo+b=0 inQ (14)

wheregis the stress tensor, which corresponds to theagisment fieldu={u, v} ', andb

is the body force vector. The boundary conditiangiven as follows:

o=t on the natural boundafy (15)

u=Ta on the essential boundary (16)
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in which the superposed bar denotes prescribeddaoywalues and is the unit outward
normal to domain2.

The variational (weak) form of the equilibriumguation is posed as follows

iJ(DSuT) (00 —idﬂ (bdQ - [au™ dr =0 17)

Mt

Substituting the expression vaindv given in equation (9) into the weak form (17)

yields
Ku=f (18)
where
K, = [B,DB,dQ (19a)
Q
t Q
g4x O
B= 0 @, (19¢)
Ay B
£ 1 v 0
D:1 -0 1 0 for plane stress (19d)
Vo 0 @-v)2

It may be noted that the displacement functi¢x) is always differentiable at any given
point. The order of continuity depends on field e@déhcluded in the influence domain of
the point. Using 3 field nodes ensureésaBntinuity, and using 6 field nodes ensurés C

continuity.
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In order to obtain the integrals in equatigh8a) and (19b), a cell structure that is
independent on the field nodes is used. In eadh@®aliss quadrature is employed. The
number of quadrature points depends on the numberodes in a celt. A detail
investigation on the density of the nodes and #wesily of the Gauss points is reported
by Liu and Yan'? Stiffness matrix is computed at each quadratwimtpand are
assembled for all the field nodes.

The flowchart of the PIM can be given briefly afidass:
1. loop over cells of domain

2. loop over quadrature poingin celli

a. according a defined criterion to determine the damé&influence ofxq
and find the nodes included in the domain ;

b. compute@(xo) and@; (xg)at the quadrature point;
c. evaluate contributions to equation;
d. assemble contribution to nodes;

3. end quadrature point loop

4. end cell loop

4. COMPARISON BETWEEN PIM, EFG AND FEM

4.1 The Inter polant Procedure
PIM versus FEM

The interpolant procedure in the PIM is based gnoap of arbitrary distributed nodes as

discussed above. The interpolant procedure in B 5 the same as PIM, but based on
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an element. In both FEM and PIM, the number of nmolats used in the base
interpolating functionsm, is the same as the number of nodesitilized. Therefore, the
interpolant functions have the property of deltaction.

The interpolation at a sampling point in the Pidperformed over the influence
domain of the point, which may overlap with theluehce domains of other sampling
points. FEM defines the shape functions over pfexdd regions called elements, and

there is no overlapping.

PIM versusEFG

The interpolant procedure of EFG is also based onlga group of arbitrarily distributed
nodes. However, the basis numberpgX) m is usually different from the number of

nodesn in the influence domaims#n. The interpolant(x)
h S T
u'(x) =2 (g =p' (xa (20)
i=1

u'(x) does not equali(x). The least squares approximation is employedeterchine

a(x), through minimizing

= ZHW(X =3P (6)a09 ~u(x))’ (21)

wherew(x-x) is the weight function. Therefore, the shape fiomcg(x) lacks the delta
function property. The shape function of EFG is enoomplicated than PIM. The weight
function is different for different problems. Itkiss extra effort to choose and compute

the weight function.

4.2 Imposition of Essential Boundary Condition
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Because the shape function in PIM and FEM has ¢fta tunction property, the essential
boundary conditions can be implemented with easaveder, the shape function in EFG
lacks the delta function property, the accurate affetient imposition of essential
boundary condition often presents difficulties. aBtgies have been developed for
alleviating the above problem, such as using thrgdrege multipliers, Penalty methdd
and methods coupling with FEfM. The Lagrange multiplier is considered standard.

In using Lagrange multipliers, the coefficientatnx obtained in EFG is a fully
populated matrix. It is also larger in size thae #tiffness matrix obtained in PIM,
especially when the number of nodes in boundalarge. These make EFG inconvenient
and time consuming. In the PIM, the stiffness malras the same characters as that
obtained in conventional FEM. Many computation tegbes developed in FEM can be

utilized directly in the PIM.

5. NUMERICAL RESULT

5.1 Patch Test
The first numerical example is the standard pagskst shown in Figure 3. Two patches
are tested. Figure 3(a) shows a patch with 9 notledich one is interior node. Figure 3
(b) shows a patch of 15 nodes including 7 irregudéerior nodes. A 22 rectangular
background cell structure is used for integratiothiese patch tests.

In these patch tests, the displacements arersed on all outside boundaries by a
linear function ofx andy on the patches of dimensiag=2.0 byL,=2.0. The parameters

are taken ak=1.0,andv=0.3. The linear displacement functions aye0.6x andu,=0.6y.

10
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Satisfaction of the patch test requires that tispldcement of any interior node be given
by the same linear function and that the strainksstresses be constant in the patch.

In the 9 nodes patch test, a circle of radm$.2 is defined as the influence domain
for a pointxg . Therefore, 4~6 nodes are usually used in therpotation. The PIM
exactly passes the 9 nodes patch test. In the d&sngatch test, since the interior nodes
are randomly distributed, 5~6 nodes are used imntieepolation for a poinkg according
to the distances between nodes and the peintThe displacements and stresses of 15
nodes patch test are obtained and listed in Tdbldésis shown that the PIM passes the
patch test exactly. In Figure 3 (b), the nodes @ &@ are deliberately placed close to
each other. It is found that this does not effeetdomputational results.

It should be noted that the continuity andsistence of PIM depend on the number
of the nodes used in the interpolation and the raundé the nodes included in the
overlapping area of the neighboring influence demwaif two sampling points. In order
to guarantee Ccontinuity, at least 2 nodes should be includeanioverlapping area. An
exact numerical integration for the stiffness mats also required in a patch test with
irregular distributed nodes. Any integration ercan lead to a failure in the patch test.
For example, in obtaining Tables 1, the rectangbh&akground cells are used to ensure
an accurate numerical integration. If the integmatis carried out using arbitrary
qguadrilateral background cells, the numerical irdégn can not be accurate, and the
patch test will fail. This is because the coordtnatapping will result in a Jocobian
matrix in the denominator of the integrand in thifreess matrix integration. The Gauss
guadrature can fail to give the exact result fochsintegration regardless how many

Gauss points are used, as the integrand is ndiyagoial of any order.

11
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5.2 Cantilever beam

The PIM is also applied to analyze stresses iméleaer beam. The beam is of lendth
and heightD subjected to a parabolic traction at the free @dhown in Figure 4. The
beam has a unit thickness and a plane stress proisleconsidered. The analytical

solution is available and can be found in a texkbmp Timoshenko and Goodfér

=< — 2 —D_2

u, = 6E)I {(6L 3X)x + (2+|/)(y 2 ]:l (22)
—_i 201 = Dx — 2

uy = oE] [SW (L=x)+@+5v) 2 + (3L x)x} (23)

where the moment of inertleof the beam is given by

D3
| =— 24
17 (24)

The stresses corresponding to the displacementsu2(23) are

P(L- 25
o, (% y) = |X)y (25)
a, =0 (26)
-PID% o 27
ny(X,Y)—ﬁT‘y (27)

The parameters are takenE3.0x10’, 1=0.3,D=12, =48, andP=1000. Both a regular
nodal distribution and an irregular nodal distribotshown in Figure 5 are employed.

20x8 background integration cell structure is usededch integration cell,*4 Gauss

12
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guadrature is used to evaluate the stiffness mafrike PIM. The computation is done
using two different sizes of circular influence dains.

Figure 6 shows a comparison of the analyticdlitem and the present numerical
solution for the beam deflection along thexis. The plot shows an excellent agreement
between the analytical and numerical results. Eiguillustrates the comparison between
the shear stress calculated analytically and usiad®IM at the section of&L/2. Again,
very good agreement is observed for both reguldrirmegular nodal distribution.

For the error analysis, we define the eneymas an error indicator, as the accuracy

in strain or stress is much more critical thandisplacements.

ee :{J.Q(EPIM _gEXACT)T D(fPIM —EEXACT)dQ}llz (28)

The convergence of PIM is studied. The regular hadiatribution is used for
comparison. The investigation is done fe#, 6, 8 and 10. The convergence with mesh
refinement is shown in Figure 8. Thas equivalent to the maximum element size in the
FEM analysis in this case. It is observed thatdbevergence of PIM is very good. It
maybe also mentioned here that when the field nagesery dense, the number of nodes
used for interpolatiom), does not effect the accuracy significantly, i thensity of the
field nodes is the same. This finding providesifddity in choosing the number of field
nodes for interpolation.

In order to study the efficiency, the PIM is quamed with EFG method in the same
conditions. It is found that the computational emb EFG is bigger than PIM when the
number of noda in the influence domain is same. To achieve tmeesaccuracy, tha

used in EFG must be bigger than PIM. Therefore, dbmparison is made for two

13
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situations: the sameand the same accuracy. The CPU time of PIM and iERBown in

Table 2. It is found that PIM uses much less Ckhétihan EFG.
5.3 Holein an infinite plate

Consider now a plate with a central circular halbjscted to a unidirectional tensile load
of 1.0 in thex direction as shown in Figure 9. Due to symmetmnlydhe upper right
quadrant of the plate is modeled. Plane strain itiondis assumed, an&=1.0x10,
v=0.3. Symmetry conditions are imposed on the laft bottom edges, and the inner

boundary of the hole is traction free. The exatutgmn for the stresses is

a’ 3 3a*
g, (X,y) :1——2{5 c0s260 + cosAb} +Fcos46 (29a)
r r
a? 1 3a*
ag,(xy)= —r—z{z c0s26 — cosAL} - FCOS49 (29b)

4

2
Oy (X, y) = —%{%sin26'+sin4€} +%sin4«9 (29¢)

where (,6 are the polar coordinates amftlis measured counter-clockwise from the
positive x axis. Traction boundary conditions given by theaaxsolution (29) are
imposed on the righk€5) and top y=5) edges.

The circle influence domain is used. The radiissdefined as

r=2.0%0max (30)
wheredmax is equivalent to the maximum element size in tB&Fanalysis in this case. If
the number of nodes in the influence domain is ntioa@ 15, only 15 nodes with shorter

distances to the integration point are used in ititerpolation. It is found that for

14
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displacement, results obtained are identical. Assthess is most critical, detail results are
presented here. The stragsat x=0 obtained using the PIM is shown in Figure 10e Th
result obtained using FEM software PATRAN using sane nodes (regular mesh) as
PIM is shown in the same figure. It can be obserfvexh this figure that the PIM yields

satisfied results for the problem.
5.4 Bridge pier

In this example the PIM is used in stress analgdisa bridge pier subjected five
concentrated forces on the top of the pier, as shiawigure 11. The problem is solved
for the plane strain case wiHr40GPa,r=0.15 ando=100kN. Due to symmetry, only the
right half of the pier is modeled. The nodal arrmgnt is shown in Figure 12(a). The
problem is also analyzed by FEM software PATRANnhgsihe mesh shown in Figure
12(b), which has the same number of nodes as PIM.

The displacements at some nodes are listéichinbe 3. The results obtained by the
present method are in very good agreement withethmistained using FEM. The
distribution of stresgy, in the domain obtained by FEM and PIM are showRigure 13.

It can be found that PIM obtains a satisfied refarlthis problem.

6. DISCUSSION AND CONCLUSIONS

A Point Interpolation Method (PIM) has been preedntin this method a technique is
proposed to construct polynomial interpolation fimt with delta function property
using a group of arbitrarily distributed points.eTRIM overcomes the drawbacks in other

element-free methods, such as the complexity instmgpe function, difficult in the

15
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implementation of the essential boundary conditioli®ny computation techniques
developed in FEM can be utilized in the PIM. Nuroatiexamples have demonstrated
effectiveness of the PIM. The method offers a piéé numerical alternative simple and
efficient procedure to handling problems of indiadtrapplications because it is
unnecessary to use elements.

The advantages of the method do not come withonote cost. When the PIM shape
function is computed, theg™ may not exist in some situation. Some techniquest e
used to overcome this problem, such as moving noaletomly by small distances and
choosing appropriate basis. More research work beedone to avoid the problem. In
order to shorten computation time and improve tbmputation accuracy, especially
when the nodes distributed very irregularly, ancefht nodes choosing method and

software need be developed.
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Table 1 PIM results at interior nodes located iatagy in the 15 nodes patch

(xy) for

u u Oy T,
interior node g Y X % i
9 (1.0,0.0) 0.60000 0.0000 .8571428571 .8571428571 -3.94E-16
10 (1.1,01) 0.66000 0.06000 .8571428571 .8571428571 -8.85E-17
11 (1.9,0.3) 1.14000 0.18000 .8571428571 .8571428571 2.78E-16
12 (0.1,0.5) 0.06000 0.30000 .8571428571 .8571428571 8.08E-16
13 (0.5,0.2) 0.30000 0.12000 .8571428571 .8571428571 1.65E-16
14 (1.2,-0.9) 0.72000 -0.54000 .8571428571 .8571428571 -2.88E-15
15 (0.3,-0.8) 0.18000 -0.48000 .8571428571 .8571428571 -1.90E-15
Table 2 The CPU time of PIM and EFG
Num. Of CPU time of EFGY) CPU time of
nodes With samen With same accuracy PIM (s)
55 3.3 8.4 2.1
189 67.2 95.1 8.2
561 1731.7 1818.4 32.1
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Table 3 Vertical displacement of the bridge pier

Displacement X10°)

Nodes X Y PIM FEM
1 0.0 10.0 -1.6814 -1.7003
5 0.0 30.0 -2.6252 -2.6651
6 5.0 30.0 -2.2953 -2.2828
7 10. 30.0 -2.2602 -2.2725
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