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PMU Measurement Uncertainty Considerations
in WLS State Estimation

Saikat Chakrabarti, Member, IEEE, and Elias Kyriakides, Member, IEEE

Abstract—A method to assign weights to the measurements ob-
tained through phasor measurement units (PMUs) in a weighted
least squares (WLS) state estimation is presented in this paper.
The uncertainties for direct measurements are obtained from the
manufacturer’s specifications. For pseudo-measurements, the un-
certainties are evaluated by using the classical uncertainty prop-
agation theory. The propagation of measurement uncertainty as
a function of line length and conductor type is also investigated.
The lower and upper bounds of the estimated states considering
the measurement uncertainties are found by using linear program-
ming. The proposed method is applied on the IEEE 14-, 30-, 57-,
and 118-bus test systems, and the state estimation results including
the lower and upper bounds of the estimated states are presented.

Index Terms—Measurement uncertainty, phasor measurement
units, state estimation, total vector error.

I. INTRODUCTION

M ODERN-DAY power systems are being operated under
heavily stressed conditions to cater for the rapidly

growing demand for electricity, and to maintain an economic
operation under a highly competitive deregulated environment.
A wide area monitoring, protection, and control (WAMPAC)
system is therefore becoming increasingly essential for im-
proved power system planning, operation, maintenance, and
energy trading [1]. Phasor measurement units (PMUs), uti-
lizing synchronized measurement technology (SMT), are vital
elements of a WAMPAC. A PMU, when placed at a bus, can
measure the voltage phasor at the bus, as well as the current
phasors through the lines incident to the bus. It samples the
ac voltage and current waveforms while synchronizing the
sampling instants with a global positioning system (GPS)
clock. The computed values of voltage and current phasors are
then time-stamped and transmitted by the PMUs to the local or
remote receiver [2].

The measurements provided by PMUs are usually superior
to the conventional measurements in a power system in terms
of resolution and accuracy. However, these measurements are
not free from errors. To determine the confidence levels that can
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be assigned to the PMU measurements, it is therefore important
to evaluate the uncertainties associated with the PMU measure-
ments. This paper presents a methodology to evaluate the un-
certainties associated with the states measured or computed by
a PMU. A methodology to assign weights to the PMU measure-
ments in the weighted least squares (WLS) state estimation is
also proposed in this paper.

The major sources of uncertainties in the measurements by
the PMUs are due to the instrument transformers, the A/D con-
verters, and the cables connecting them [3]. The uncertainties
due to the instrument transformers and the cables are mostly
systematic and predictable in nature [3]. Many of the PMUs
available in the market are featured with the option of external
calibration, which can be used to compensate for the uncertain-
ties due to these two sources. However, the uncertainties due to
the A/D converter and the associated computational algorithm
are difficult to compensate, and may bias the PMU measure-
ments. The required accuracy of the PMU measurements and
the methods of verifying compliance with various performance
metrics are described in [4] and [5]. The problem of finding op-
timal PMU locations for power system state estimation is well
investigated in the literature [6]–[13]. However, the propaga-
tion of PMU measurement uncertainty along the transmission
lines, and consequently the uncertainties in the estimated states
is not adequately addressed so far. References [14] and [15] de-
scribe the use of two approaches: classical uncertainty propa-
gation theory, and the random fuzzy variables, to compute the
PMU measurement uncertainties. This paper uses a distributed
parameter model of the transmission lines to obtain more accu-
rate expressions for the uncertainties associated with the PMU
measurements. Analysis of the uncertainties in the estimated
states of a power system is discussed in [16] and [17]. The
present paper extends the method proposed in [16] and [17] to
evaluate the uncertainties in the final estimated states based on
PMU measurements. Errors due to transmission line parameters
are also neglected.

The paper is organized as follows. The methodology to com-
pute the uncertainties associated with the PMU measurements
is described in Section II. Section III briefly discusses the state
estimation process using PMU measurements. The method to
compute the uncertainties in the final estimated states is given
in Section IV. The case studies are presented in Section V, and
Section VI concludes the paper.

II. MEASUREMENT UNCERTAINTY CALCULATIONS

The PMUs, when placed at a bus, can measure the voltage
phasor at that bus, as well as the current phasors on the incident
lines. It is therefore possible to compute the voltage phasor at
the other end of the lines through the known parameters of the
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Fig. 1. Basic block diagram of a PMU highlighting the considered sources of
uncertainty [2].

Fig. 2. Two-bus system having PMU at one end.

transmission lines [12], [13]. It is assumed that a PMU has suffi-
cient number of channels to measure the current phasors through
all lines incident to the bus where it is placed. The uncertainties
in the angles and magnitudes of the voltage phasors measured
or computed by the PMU as a result of the uncertainties in the
A/D converter and the associated computational logic are con-
sidered in this paper. Fig. 1 shows the basic block diagram of a
PMU, highlighting the considered sources of measurement un-
certainty [2].

The computation of the voltage phasor at a bus, which is con-
nected to a bus with an installed PMU can be illustrated with
the help of the two-bus system shown in Fig. 2. Let there be
a PMU installed at bus , which measures the voltage phasor

at bus and the current phasor
through the line connected to bus .

The voltage at bus can be expressed as [18]

(1)

Here is the propagation constant
and is the characteristic impedance of
the line; and are the series impedance and shunt admittance
of the line per unit length, respectively; and is the length of
the transmission line between buses and . The distributed pa-
rameter model of the transmission line is used in this work to
achieve greater accuracy in the computation of the uncertainties
in PMU measurements. Using (1), can be expressed in the
following complex form:

(2)

where

(3)

(4)

(5)

The magnitude and the phase angle of the voltage
phasor are given by

(6)

(7)

From (1)–(7), it is evident that the magnitude and the phase
angle of the voltage phasor are functions of the magnitudes
and phase angles of the voltage and current phasors measured
by the PMU at bus . Equations (6) and (7) therefore can be
expressed as

(8)

(9)

Using (3)–(9), the following partial derivatives can be com-
puted, which are required to compute the combined uncertainty
in the measurement of the voltage magnitude and the phase
angle at bus [18]:

(10)

(11)

(12)

(13)

(14)

(15)

(16)
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(17)

As mentioned in the beginning of this section, the PMUs con-
sidered in this work have multiple measurement channels. It is
assumed that all channels are independent, and therefore there
is zero correlation among the quantities measured by the PMU.
By using classical uncertainty propagation theory, the combined
standard uncertainty in the voltage magnitude and the phase
angle can be given by [19]

(18)

(19)

where , and is the standard uncer-
tainty in the measurement .

To evaluate the combined standard uncertainties in (18) and
(19), one needs to know the standard uncertainties in the voltage
and current magnitude and phase angle measurements by the
PMU. Usually, the maximum measurement uncertainty is spec-
ified by PMU manufacturers [20]. In the absence of any proba-
bility distribution of the measurement uncertainty specified by
the manufacturer, a uniform distribution may be assumed. The
standard uncertainty in the measurement can then be expressed
in terms of the maximum measurement uncertainty as shown in
the following[19]:

(20)

where is the maximum manufacturer-specified uncer-
tainty in the measurement of .

The standard uncertainties associated with the PMU measure-
ments are used in the next section to provide a basis for weighing
measurements from different PMUs while estimating the states
of the power system. When a PMU is placed at a bus, the stan-
dard uncertainties in the voltage magnitude and phase angle are
computed directly by using (20). For other buses, where the
voltage phasors are computed by using the current measurement
through the connecting lines, the standard uncertainties in mea-
surements are computed by using (18) and (19).

The desirable accuracy of the PMUs in the measurement of
voltage or current phasors is often specified in terms of total
vector error (TVE), which is defined as [4], [5]

(21)

where is the phasor measured by the PMU;
is the theoretical or ideal value of the phasor.

Normally, TVE is expressed as a percentage of the magni-
tude of the theoretical value of the phasor, and a TVE of 1%

is commonly used at different compliance levels specified for
PMU performance [4]. The maximum values of the TVEs for
the voltage phasor measurement can be obtained by solving the
following set of nonlinear optimization problems:

(22)

(23)

where and are the measured and
theoretical values of the voltage phasor at bus , respectively;

and are the vectors containing the lower and upper
bounds of the measurements, and are defined as follows:

(24)

(25)

where is the maximum uncertainty corresponding to the th
measurement. The value of is obtained from manufacturer’s
specifications for direct measurements, and by using (18) and
(19) for pseudo-measurements.

III. STATE ESTIMATION USING PMU MEASUREMENTS

The number of actual or pseudo-measurements obtained in
a power system are usually more than the number of states to
be estimated, so as to ensure greater reliability in the estimated
states and better quality in terms of estimation accuracy through
this redundancy in the measurements. A WLS estimator can be
used to obtain the states of the power system, based on the avail-
able measurements from the PMUs. When only PMU measure-
ments are present in the system, as assumed in the present study,
the set of measurement equations is linear and can be expressed
by [21]

(26)

where is the measurement vector con-
taining the bus voltage magnitudes and angles measured or com-
puted by the PMUs; is the vector of
states for the power system, i.e., the vector of bus voltage mag-
nitudes and phase angles; is the matrix relating the measure-
ments to the states; and is the vector of
measurement uncertainties. The measurement uncertainties are
commonly assumed to have the following statistical properties
[21].

1) The measurement uncertainties have a zero mean, i.e.,

(27)

where is the expectation of .
2) The measurement uncertainties are independent, i.e.,

(28)
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Hence, the covariance of is given by

(29)
where is the measurement uncertainty covariance matrix that
provides the basis for weighing the PMU measurements;
is the standard uncertainty in the th measurement.

The WLS estimated states are given by [21], [22]

(30)

where is the matrix converting
the measurements to the estimated states. As long as the system
topology does not change, the matrix remains constant [22].
Using (30), the states can be estimated directly by using the
PMU measurements, without requiring any iteration.

It is possible to include PMU measurements of currents in
the WLS state estimation process, as is done with conventional
current measurements [21]. This will lead to nonlinear measure-
ment functions, and consequently, an iterative procedure will be
needed to obtain the estimates of the states. In any case, this is
not a problem as the synchronized measurements will be com-
bined with conventional measurements in an actual estimator,
resulting in an iterative estimator. Section V describes a method
to compute the uncertainties in the estimated states in the pres-
ence of both synchronized and conventional measurements.

A common practice in weighing PMU measurements in a
WLS state estimation is assigning weights proportional to the
inverse of the variance in the corresponding PMU measure-
ment uncertainty [23]. While the same approach is followed
in this work to assign weights to the direct measurement of
voltage magnitude and phase angles by the PMUs, the weights
assigned to the pseudo-measurements are based on the com-
puted values of the standard uncertainties. For example, for the
two-bus system shown in Fig. 2, the weights assigned to the
voltage magnitude and phase angle measurement at bus are
proportional to and , which are directly com-
puted from the manufacturer’s data sheets by using (20). The
corresponding weights for the computed voltage phasor at bus
are proportional to and , which are computed
by using (18) and (19).

IV. UNCERTAINTIES IN THE STATES ESTIMATED

BY USING PMU MEASUREMENTS

The preceding sections describe the methodologies to eval-
uate the uncertainties associated with the PMU measurements.
The next important step is to determine the uncertainties associ-
ated with the final states estimated by the WLS estimator. Using
(30), the th estimated state can be expressed as

(31)

where is a column vector whose th element is one and
all other elements are zero.

The upper and lower bounds of the estimated state variables
can be determined by solving a series of linear optimization
problems as shown in the following:

(32)

(33)

(34)

where (32) and (33) are the sets of objective functions deter-
mining the lower and upper bounds of the state variables, re-
spectively.

V. MEASUREMENT UNCERTAINTY IN THE PRESENCE

OF CONVENTIONAL MEASUREMENTS

Although the PMUs are increasingly being used in modern
power systems, and it is likely that in the future conventional
measurements will be completely replaced by synchronized
measurements, the current practice in most systems is to
install PMUs in an incremental fashion, in conjunction with
conventional measurements. A methodology for estimating the
uncertainty interval in the states estimated on the basis of only
conventional measurements is described in [16] and [17]. The
same procedure can be extended to the measurement set con-
sisting of synchronized as well as conventional measurements.

The upper and lower bounds of the estimated state variables
can be determined by solving a series of nonlinear optimization
problems as shown in the following:

(35)

(36)

(37)

where and are lower and upper bounds of the
measurements, represents the measurement functions ex-
pressed in terms of the state variables .

For conventional measurements such as the power flow and
power injection, the measurement functions are the same as the
ones used for power flow studies [18], [21]. The current magni-
tudes and phase angles measured by the PMU can be expressed
as a function of the state variables as explained below.

To maintain consistency with the commonly used expressions
for conventional measurements, pi-models of transmission lines
are assumed while finding the measurement functions for the
current magnitude and the phase angle measured by the PMU.
Ignoring the shunt admittance, the current phasor from bus to
bus in Fig. 2 is given by

(38)

where

(39)
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Fig. 3. Variation of standard uncertainty in voltage phase angle for different
line lengths.

The magnitude and the phase angle of the current
phasor are given by

(40)

VI. CASE STUDIES

The case studies presented in this section are organized in two
parts. In the first part, the propagation of the PMU measure-
ment uncertainty along transmission lines of varying lengths
and types are investigated. In the second part, the uncertain-
ties and the upper and lower bounds for the estimated states are
computed for the IEEE 14-bus, IEEE 30-bus, IEEE 57-bus, and
IEEE 118-bus test systems [24].

Transmission lines of seven different conductor types, viz.,
copper conductors (500 000 cmils 19 strands, 250 000 cmils
12 strands, 66 370 cmils 3 strands, and 16 510 cmils 1 strand)
and ACSR conductors (Falcon 1 590 000 cmils 54/19 strands,
Condor 795 000 cmils 54/7 strands, and Dove 556 500 cmils
26/7 strands) are examined in this study. It is assumed that the
conductors are in a horizontal configuration with 4 m spacing
between adjacent phases and one conductor per phase. The
lines are operating at 60 Hz, and at a 75% loading. Different
phase angles for the voltage and current measured by the PMU
were assumed and it was observed that the pattern of propaga-
tion of uncertainties with line length remains almost the same.
In the results shown in this section, the measured voltage and
current at the bus where a PMU was installed were assumed
to be and , respectively, without
loss of generality. Fig. 3 shows the propagation of the standard
uncertainty in the measurement of the voltage phase angle
along the length of the transmission lines of different conductor
types. Fig. 4 shows the propagation of the standard uncertainty
in the measurement of the voltage magnitude. It is evident from
the figures that the propagation of measurement uncertainty
depends heavily on the type of conductor. For a WLS state

Fig. 4. Variation of standard uncertainty in voltage magnitude for different line
lengths.

TABLE I
OPTIMAL LOCATIONS OF PMUS FOR THE TEST SYSTEMS

estimator using PMU measurements, weights proportional to
the inverse of the square of the associated standard uncertainty
can be assigned to the pseudo-measurements of the voltage
phasors. This entails assignment of varying weights to the
pseudo-measurements by the PMUs, which helps in improving
the accuracy of the estimated states.

The method to compute the uncertainties associated with the
PMU measurements is applied in this part of the case study to
the IEEE 14-bus, 30-bus, 57-bus, and 118-bus test systems. The
optimal locations of the PMUs, to make the systems topologi-
cally completely observable so that the total number of PMUs
is minimized and the measurement redundancy at the buses is
maximized, are shown in Table I [9], [13].

The line length data and the conductor types are not specified
for the test systems. However, assuming a specific conductor
type and configuration, the line lengths can be computed based
on the line impedance data. For the present study, it is assumed
that a Dove conductor is used for all the transmission lines in
the systems and the conductors are in a horizontal configura-
tion with 4 m spacing between adjacent conductors. The com-
puted line lengths are needed to compute the uncertainties in the
pseudo-measurements of the voltage phasors by the PMUs.

Table II shows the standard uncertainties in the magnitude
and phase angle of the computed voltage phasors, i.e., the
voltage phasors corresponding to the pseudo-measurements.
For the PMU buses, the uncertainties are directly computed
from the maximum measurement uncertainties specified by
the manufacturer (typical values shown in [20]). In this case
study, maximum uncertainties in the measurement of voltage
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TABLE II
STANDARD UNCERTAINTY IN THE PSEUDO-MEASUREMENTS

OF PHASE ANGLES AND MAGNITUDES OF THE VOLTAGE

PHASORS FOR THE IEEE 14-BUS TEST SYSTEM

and current magnitude are 0.02% and 0.03% of the reading,
respectively, and the maximum error in the measurement of
phase angle is 0.01 degrees.

The measurement uncertainties are used to construct the
covariance matrix for the test systems, as shown in (29). This
provides the basis for weighing the measurements. For instance,
the measurement having greater uncertainty is assigned less
weight compared to the one having a smaller uncertainty. The
weights assigned to the measurements are proportional to the
inverse of the square of the measurement uncertainties.

The maximum possible total vector error (TVE) in the mea-
surement of voltage phasors, which is the objective function in
the optimization problem shown in (22), is found in this study by
using Monte Carlo simulation. The measurements are assumed
to have uniform probability distribution within the range speci-
fied in (23). For each measurement, samples are taken ran-
domly from the specified range. These samples are then used
to evaluate the TVE for the corresponding measurement. The
maximum TVE for a voltage phasor is the maximum of the
number of evaluations. The last column in Table II shows the
maximum TVEs for the pseudo-measurement of voltage pha-
sors for the 14-bus test system.

Figs. 5–7 show the uncertainties associated with the pseudo-
measurements for the IEEE 30-, 57- and 118-bus test systems.
The order in which the PMU buses are selected to depict the
measurement uncertainties is the same as in Table I for all the
test systems. The order of selecting non-PMU buses connected
to a PMU bus corresponds to the order of line numbers given in
system data files in [24]. For example, from Table I, the first
PMU location for the 30-bus system is bus-2, which is con-
nected to the buses 1, 4, 5, and 6 via lines that are numbered
as 1, 3, 4, and 5 in [24]. The first pair of data points in Fig. 5
therefore corresponds to bus-1, the second to bus-4, and so on.
The variation in the standard uncertainties of the pseudo-mea-
surements of voltage phase angles and magnitudes suggests the
use of varying weights for the measurements in the WLS for-
mulation for state estimation.

Table III shows the standard deviations (as a percentage of
the mean) of the standard uncertainties in the pseudo-measure-
ments for the test systems. To simplify the study, only a Dove

Fig. 5. Standard uncertainties in the pseudo-measurements of voltage phase
angles and magnitudes for the IEEE 30-bus test system.

Fig. 6. Standard uncertainties in the pseudo-measurements of voltage phase
angles and magnitudes for the IEEE 57-bus test system.

conductor is assumed for the whole system. In actual power sys-
tems, different types of conductors exist, which is likely to re-
sult in a greater variation in the uncertainties, and hence in the
weights associated with the pseudo-measurements. Figs. 8–10
depict the maximum TVEs corresponding to the pseudo-mea-
surements of voltage phasors for the 30-, 57-, and 118-bus test
systems. Although for the test systems studied in this section
the maximum TVEs for the pseudo-measurements lie within
1% compliance limit, in general, there are two occasions for the
57-bus system, as evident from Fig. 9, where the maximum TVE
is greater than 1%. Depending on the specified compliance level,
the proposed methodology therefore provides a basis for elimi-
nating the pseudo-measurements from the measurement set, for
which the TVE is greater than the specified minimum value.

The next step is to find the uncertainties in the states esti-
mated by the WLS state estimator using PMU measurements.
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Fig. 7. Standard uncertainties in the pseudo-measurements of voltage phase
angles and magnitudes for the IEEE 118-bus test system.

TABLE III
STANDARD DEVIATION OF THE STANDARD UNCERTAINTIES

FOR PSEUDO-MEASUREMENTS FOR THE TEST SYSTEMS

Fig. 8. Maximum values of the total vector error (TVE) for the pseudo-mea-
surements of voltage phasors for the IEEE 30-bus test system.

The weights assigned to the measurements in WLS state estima-
tion are proportional to the inverse of the square of the measure-
ment uncertainties. The upper and lower bounds in the estimated
states as a result of the uncertainty in the measurement are ob-
tained by solving the linear optimization problems formulated
in (32) and (33). The TOMLAB optimization toolbox is used
to solve the linear programming problems [25]. Table IV shows

Fig. 9. Maximum values of the total vector error (TVE) for the pseudo-mea-
surements of voltage phasors for the IEEE 57-bus test system.

Fig. 10. Maximum values of the total vector error (TVE) for the pseudo-mea-
surements of voltage phasors for the IEEE 118-bus test system.

the estimated values of the voltage phase angles and magnitudes
for the 14-bus system, along with the upper and lower limits of
the estimated values. Table V shows similar simulation results
for the IEEE 30-bus test system.

The proposed method to determine the uncertainty associated
with the PMU measurements and the effect of the uncertainty on
the final estimated states is also applied on the IEEE 57-bus and
IEEE 118-bus test systems. For these two test systems, Figs. 11
and 12 graphically demonstrate the maximum uncertainty as-
sociated with the estimated states, which is obtained by deter-
mining the absolute values of the differences between the upper
and lower limits of the estimated states.

It is to be noted that each of the upper and lower limits of the
estimated states are obtained by solving a separate optimiza-
tion problem as described in (32) and (33). The uncertainties in
measurements while evaluating a particular limit value are such
that the estimated state acquires the minimum or the maximum
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TABLE IV
ESTIMATED VALUES AND THE UPPER AND LOWER LIMITS OF THE VOLTAGE

PHASE ANGLES AND MAGNITUDES FOR THE 14-BUS TEST SYSTEM

TABLE V
ESTIMATED VALUES AND THE UPPER AND LOWER LIMITS OF THE VOLTAGE

PHASE ANGLES AND MAGNITUDES FOR THE 30-BUS TEST SYSTEM

possible value. Therefore, the distribution of measurement un-
certainties corresponding to each of the limit values may be dif-
ferent.

The case studies discussed above consider the minimum
number of PMUs that can make the test systems observable. It
is possible to include a desired minimum measurement redun-
dancy criterion in the PMU placement problem [12], [13]. By
ensuring a measurement redundancy of at least one at all the

Fig. 11. Maximum uncertainties in the estimated values of the voltage phase
angles and the magnitudes for the IEEE 57-bus test system.

Fig. 12. Maximum uncertainties in the estimated values of the voltage phase
angles and the magnitudes for the IEEE 118-bus test system.

buses, the occurrence of critical measurements can be avoided,
thereby helping in detecting bad data in the measurement set
[26].

The IEEE 14-bus test system is employed as an example of
finding the upper and lower bounds of the estimated states in
the case of having both synchronized and conventional measure-
ments. In this system, it is assumed (without loss of generality)
that nine injection measurements and six power flow measure-
ments are available, as shown in Fig. 13. In order to render the
system completely observable, two PMUs are required (see [13]
for related theory and how to determine PMU locations in the
presence of conventional measurements).

Table VI shows the upper and lower bounds of the estimated
states for the measurement configuration shown in Fig. 13. The
maximum uncertainty for the conventional measurements is as-
sumed to be 3% of the reading [16].
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Fig. 13. IEEE 14-bus test system with conventional measurements and PMUs.

TABLE VI
UPPER AND LOWER LIMITS OF THE VOLTAGE PHASE

ANGLES AND MAGNITUDES FOR THE 14-BUS TEST SYSTEM

IN THE PRESENCE OF CONVENTIONAL MEASUREMENTS

VII. CONCLUSIONS

The uncertainties associated with the direct and pseudo-mea-
surements obtained by using PMUs are evaluated in this paper.
A methodology is proposed to evaluate the uncertainties in
the pseudo-measurements by using the classical uncertainty
propagation theory. A basis for weighing PMU measurements
in a WLS state estimation is provided by investigating the
propagation of the measurement uncertainty for different line
lengths and conductors. The TVEs for the voltage phasors
computed by using PMU measurements are also determined
to verify the compliance of the pseudo-measurements with the
standards. Considering the measurement uncertainties, a linear
programming based methodology is proposed to determine
the upper and lower limits of the states estimated by using the
PMU measurements. The proposed methodologies are demon-
strated on IEEE 14-, 30-, 57-, and 118-bus test systems. The

methodology to determine the uncertainties in the estimated
states when conventional measurements are present along with
PMU measurements is also presented in the paper and applied
on a test system.
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