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Abstract

In recent years, non-Newtonian fluids have received much attention due to their numerous applications, such as
plastic manufacture and extrusion of polymer fluids. They are more complex than Newtonian fluids because the
relationship between shear stress and shear rate is nonlinear. One particular subclass of non-Newtonian fluids is
the generalized Oldroyd-B fluid, which is modelled using terms involving multi-term time fractional diffusion and
reaction. In this paper, we consider the application of the finite difference method for this class of novel multi-term
time fractional viscoelastic non-Newtonian fluid models. An important contribution of the work is that the new
model not only has a multi-term time derivative, of which the fractional order indices range from 0 to 2, but also
possesses a special time fractional operator on the spatial derivative that is challenging to approximate. There
appears to be no literature reported on the numerical solution of this type of equation. We derive two new different
finite difference schemes to approximate the model. Then we establish the stability and convergence analysis of these
schemes based on the discrete H' norm and prove that their accuracy is of O(74h?) and O (7™ {3=7s:2=q,2=} L p2)
respectively. Finally, we verify our methods using two numerical examples and apply the schemes to simulate an
unsteady magnetohydrodynamic (MHD) Couette flow of a generalized Oldroyd-B fluid model. Our methods are
effective and can be extended to solve other non-Newtonian fluid models such as the generalized Maxwell fluid
model, the generalized second grade fluid model and the generalized Burgers fluid model.

Keywords: multi-term time derivative, finite difference method, fractional non-Newtonian fluids, generalized
Oldroyd-B fluid, Couette flow, stability and convergence analysis

1. Introduction

Generally, a constitutive equation is used to specify the rheological properties of a material, which is a relation
between the stress and the local properties of the fluid. Some common fluids, such as water, oil, air, ethanol
and benzene, exhibit a linear relationship between the stress tensor and the rate of deformation tensor, which
are called Newtonian fluids. The Newtonian constitutive equation is the simplest linear viscoelastic model. For
small deformations, low stress, low rate, and linear materials, linear viscoelasticity is usually applicable. However,
some fluids produced industrially do not obey the Newtonian postulate, such as molten plastics, slurries, emulsions,
pulps, and these are termed as non-Newtonian fluids. This means that the rapport between the stress tensor
and the rate of deformation tensor is not linear but is non-linear. In reality about 90% of fluids are nonlinear
with large deformations, therefore nonlinear viscoelastic mathematical models are needed. Research related to
non-Newtonian fluid mechanics is of great realistic significance to industry. Since a rheometer can not provide
the necessary information of important rheological properties, the constitutive equations are the best available
tools for understanding the complex behaviour of a material. Due to the nonlinear relationship between stress
and deformation and there being no standard form universally valid for each non-Newtonian fluid, the constitutive
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equation of non-Newtonian fluids is much more complex than its Newtonian counterpart. The constitutive equations
involving fractional calculus have proved to be a valuable tool for handling viscoelastic properties ﬂ, E] and some
results are obtained that are in good agreement with experimental data B, @]

One particular subclass of non-Newtonian fluids is the generalized Oldroyd-B fluid, which has been found to
approximate the response of many dilute polymeric liquids. Consider the flow of an incompressible Olyroyd-B fluid
bounded by two infinite parallel rigid plates. Initially, the whole system is at rest and the upper plate is fixed.
Then at time ¢t = 07, the lower plate starts to move with some acceleration. Due to the shear effects, the fluid over
the plate is gradually disturbed. The fundamental equations of an incompressible fluid are

dv
Pt
where div is the divergence operator, p is the density of the fluid, T is the Cauchy stress tensor and % is the
material time derivative. The constitutive equation for a generalized Oldroyd-B fluid is defined as ﬂa]

divV =0, =divT,

D® D”?
T=—-pl+S8S, (1 )\—)S: <1 9—)A,
pl+ + D pull+ D?

where p is the pressure, I is the identity tensor, S is the extra-stress tensor, A\ is the relaxation time, p is the
dynamic viscosity coefficient of the fluid, @ is the retardation time, and A = L + L? (L = VV) denotes the first

Rivlin-Ericksen tensor. The operators DD—; and 3—; are material derivatives and can be expressed as
D*S
D = DS+ (V-V)S - LS — SL”,
DA
o =D/A+(V-V)A—LA — AL”,

where Df* and Df are the time fractional derivative operators of order o and [, respectively. Assume that the
velocity field and stress has the form

V=u(y,t)i, S=8S(y.t).

Taking into account the initial condition S(y,0) = 0 and in absence of the pressure gradient, one can obtain the
following equation with fractional derivative of the velocity of the main flow ﬂa, B]

du(y, ) *u(y,t)
ot 0y?

where v = £. When a magnetic field is imposed on the above flow under the assumption of low magnetic Reynolds

(14 ADY) = v(1+6D}) , (1)

number, the following velocity equation can be derived B, @]

ou(y,t) 0%u(y,t)

(1+ADp) 5

=v(1+6D))

— K(1+ AD{)u(y,t), (2)

where K = U]jg , By is the magnetic intensity and o is the electrical conductivity. When the fluid medium is porous,
the following magnetohydrodynamic (MHD) flow of a generalized Oldroyd-B fluid with an effect of Hall current can
be obtained [10]

du(y,t) 5. 0%u(y,t) v 3 oB2
=v(l+6D,))—— - —(1+6D t)— ————(1+ \Dy t 3
ot V( + t) 8y2 k ( + t)u(y7 ) p(l—igf))( + t)u(yv )7 ( )
where k is the permeability of the porous medium, ¢; is the porosity of the medium, and ¢ is the Hall parameter.
As Eqgs.([@)- @) contain similar terms, they can be expressed in a generalised form.
In this paper, we will consider the following novel multi-term time fractional non-Newtonian diffusion equation:

(1+ADg)

S ) t q
S b Dl )+ P80 S e D, ) + asu(e 1

j=1 =1

0%u(x,t) 50%u(z,t)
W+Q4th+f(x,t)7 ({E,t) GQ, (4)

:a3



subject to the initial conditions
u(z,0) = ¢1(z), w(2,0) =¢o(x), 0<z<L, (5)

and the boundary conditions:

u(0,t) =0,
where a; > 0, i = 1,2,3,4,0; >0, 7 =1,2,...,8, ¢ >0, 1 =1,2,...,¢, 1 <71 <72 < ... <7 <2
O<am<a<...<ag<land Q= (0,L)x (0,7]. The Caputo time fractional derivative Dlu(z,t) (0< B <1)
and D} u(z,t) (1 <~ < 2) are given by [11,[19]

w(L,t)=0, 0<t<T, (6)

1 ¢ _z0u(z, s)
8 _ _ o-soulz,
Diu(z,t) ) /o (t—1s) s ds, 0 < B <1,
1 ¢ _0%u(x, s
Dzu(x,t) = m‘/o (t - S)l ’Y%dS, 1< v < 2.

The general multi-term time fractional diffusion equation only contains the multi-term time fractional derivative
terms without the special term Df %. Its solution has been investigated both theoretically and numerically. Some
authors used the method of separating variables to obtain analytical solutions of the multi-term time fractional
diffusion-wave equations and the multi-term time fractional diffusion equation ﬂE, 14, @] Numerical solutions
for the multi-term time fractional diffusion-wave equation can be found in HE, ] and for the multi-term time
fractional diffusion equation can be found in HE, , ], respectively. There is also some research on the numerical
sﬂ%'utilﬁn of the multi-term time fractional diffusion equation, of which the indices belong to (0,2) or greater than 2

’ ]

Different to the general multi-term time fractional diffusion equation, the new model () not only has a multi-
term time derivative, of which the fractional order indices are from 0 to 2, but also possesses a special time
fractional operator on the spatial derivative, which is challenging to approximate. Although there is some literature
B, , ] involving the exact solution of the generalized Oldroyd-B fluid, the solution is typically given in series form
with special functions, such as the Fox H-function or the multivariate Mittag-Leffler function, and both of these
functions are difficult to express explicitly. Therefore, numerical solution of () is a promising tool to provide insight
on the behaviour of the model. In M], Bazhlekova and Bazhlekov presented a finite difference method to solve the
viscoelastic flow of a generalized Oldroyd-B fluid (). They utilised the Griinwald-Letnikov formula to approximate
the Riemann-Liouville time fractional derivative, which has first order accuracy, however no theoretical analysis
was given. Recently, Feng et al. ﬂﬁ] proposed a finite difference method for the generalized fractional Oldroyd-B
fluid (@) between two rigid plates and gave the stability and convergence analysis, which has low order accuracy
as well. To the best of the authors’ knowledge, there is no literature reported on the numerical solution of Eqs.(2)
and (B). Therefore, the numerical solution of Eq.(#]) has also not appeared. For the two kinds of time fractional
derivatives in the L.H.S. of Eq.(d), the so-called L1 or L2 scheme can be used for approximation. For the coupled
operator (time fractional operator on the spatial derivative) in the R.H.S. of Eq.([d)), few techniques can be applied.
As Eq.( ) involves these terms simultaneously, the derivation of the numerical solution becomes difficult and it is
more challenging to establish the theoretical analysis. The main contributions of this paper are as follows:

e We propose two new different finite difference schemes to approximate the coupled operator Df %, in which
the mixed L scheme is used to discretise the equation at mesh point (x;, ¢, _ 1 ) directly. We also establish
the L2 scheme for the term Dju(z,t) with first order accuracy. In addition, we give an important and useful
lemma, which can be extended to other multi-term time fractional diffusion problems;

e We derive two different finite difference schemes for problem (@) with accuracy O(7+h?) and O (7™ {3=7s,2=q,2=5}
+h?), respectively and establish the stability and convergence analysis. We prove our method is uncondition-
ally stable and convergent under the discrete H' norm;

e Our numerical methods are robust and flexible, which can be used to deal with problem (@) with different
initial and boundary conditions, for which an analytical solution may be not feasible;

e Our numerical solution is more general and can be used to solve other time fractional diffusion problems, such
as the generalized Oldroyd-B fluid model with or without a magnetic field effect, the generalized Maxwell
fluid model, the generalized second grade fluid model and the generalized Burgers’ fluid model.



The outline of the paper is as follows. In Section 2, some preliminary knowledge is given, in which two numerical
schemes to discretise the time fractional derivative are proposed. In Section 3, we develop the finite difference
schemes for Eq.(@). We proceed with the proof of the stability and convergence of the scheme using the energy
method and discuss the solvability of the numerical scheme in Section 4. In section 5, we present two numerical
examples to demonstrate the effectiveness of our method and some conclusions are summarised.

2. Preliminary knowledge

For convenience, in the subsequent sections, we suppose that C,C7,Cs, ... are positive constants, whose values
will be implicitly determined by the surrounding context.

Firstly, in the interval [0, L], we take the mesh points 2; = ih, ¢ = 0,1,--- M, and ¢, = n7, n =0,1,--- | N,
where h = L/M, 7 = T/N are the uniform spatial step size and temporal step size, respectively. Denote 2, =
{tn] 0 < n < N} and Qp, = {x;| 0 < i < M}. Define the grid function vl = u(x,,¢,) and fI' = f(zi,t,). We
introduce the following notations:

n n—1 n n—1 n __ ,m n o _ n n
Vol — uj — Uy R + u; Vol — i W S 2ul + u
(2 Y )

e &

Denote
Vi, = {v | v is a grid function on Q, and vy = vy = 0}.
For any x,v € Vy, we define the following discrete inner products and induced norms:

M-—1 M
(X?U) =h Z XiVi, <v1X7 vmv> = hz VaXi - Vs,
i=1 i=1

lollo = v/(o,0), lolloc = smax foi,
ol = v/ (Y20, Vavh, ol = /az ol + aslof.

It is straightforward to check that
(5920’Uka vn) = _<vka; vxvn>a (7)

1
(620% V™) = —;<vzvk, Voo — Voo 1) = —(V, 0, Vi(Veo™)). (8)

To discretise the time fractional derivative Dju(z,t) (1 <y < 2) at (z;,1,), we have

D] u(zi, ty) zﬁ /Otn (tn — 5)1_7762%(:2“ ) ds
“ra=7 ; /“ -t e,
—ﬁ; [
—% [a((ﬂ)vtu? — :;_i(agy_)k_l - af]_),g)vtuf — agj_)1W} + 7",

where u; ' = uf — TW and a,(J) = (k+1)27 — k277, k=0,1,2,... For the truncation error ", we have [26]

| < CT?*
- T

Ou(x;,t)
—— maXxX |[————————
(3 — ) o<t<T

ot3

‘ T4+ O(7?).



Then we can obtain the discrete scheme for the time fractional derivative D] u(x,t) at mesh points (x;, t,,)

n—1
T " ou(z;,0
Diu(xi, tn) = m |:a((37)vtui - Z(afl)kq - afl)k)vt“f (7)1 (8715)} + Ry, (9)
k=1

where |R;| < C7.
To discretise the time fractional derivative Dju(z,t) (1 <y < 2) at (z4,t,,_ 1 ), we have the following so-called
L2 formula [27]

T [ g N ) (v) Ou(@:,0)
D] u(z;, tho1)= E [ao Viui' — 321((1”7,671 )V uf —a,”, 5 } + Ro, (10)
where |Ry| < C7377.

Lemma 1. For 1 < < 2, define agj) =(k+1)27—k?>7, k=0,1,2,...,n and vector S = {S1,52,53,...,Sn}
and constant P, then it holds that

_ N n—1
Z { Sn Z( fl)kq - afl)k)sk - ag—)lp Sn
n:l k=1
1—ry N T2~
S - —— P’ N=1,23,...
2I‘ 2—7 7;1 L o N ) B
Proof. See [21]. O

To discretise the time fractional derivative Dfu(x,t) (0 < 8 < 1) at (24, t,), we have the following so-called L1

formula [27]

-8 n—l
T
k=
Tl’ﬁ -

= P Vb + R 11
1—‘(2_ﬁ) — n—k vVt 35 ( )

\
SN

where dgf) =(k+1)'"F k'8 k=0,1,2,...,n and |R3| < C7>7P. It is straightforward to derive the following
lemma on the properties of d(ﬂ) @]

Lemma 2. For 0 < § < 1, define d(ﬁ) (k+D)'F k18 k£ =0,1,2,... then
Ld? >0,d” =1, 4 > i, lim 4” =0,
n—1
2. I;O(d;ﬁ) —dP)+df =1
3. d), 24 +d >0, k>1.
Since
O*u(wq, ty) _ 82 h? 9*u(&istn)
0x? I R P B
then we have
-8 n—1
g Pu(zity) T (8) 52, n ®) (3) Y52k — g 42,0
DPEEI — (2 — B) [do S2up — ;(dn_k_l — D )e2uk - d,02u?] + Ry
Zd ) Vi(02uF) + Ry, (12)

where |Ry| < O(7278 4 h?).



Lemma 3. For 0 < 8 <1, it holds that

— n

T(2-p) Zn:d@k(vt(éiuk),vtu”) = 2 — Zd 5) k<Vt Vau ),vt(kun)>,

k=1 k:l

7—175 " B "
I‘(2 _ ﬂ) ;dnfk (vt(ému )7 vtu )
-3 n—1
T . . .
575 [ (2, ) = 320, — ) (824 V) —d) (520, 9 ) |
k=1
-B n—1
T N . . )
=— 7F(2 —5 [déﬁ)<v;nu ,Vi(Vg )> - Z(difi)k71 — di@k)<vmuk7vt(vmv )> _ d;ﬁ_)l<vmuo7vt(vmv )>}
k=1
Y T ® g0 %
T S ) k .
= r2-p) Zdn—k<vt(vmu ), Vi(Vau )>
k=1
O
Now we consider the discretization of D} u(z,t) at grid points (z;, tn—1). From (), we have
1
Dfu(xl7tn7%)z§ |:Dt'8’u,((b“ )+D6 (LL'“ n— 1):|
T I k4 S g i
:m [Zdnfkvt“i + Zdn 1— kvtui} + Rs. (13)
k=1 k=1
Similarly, we have
2
DBM ml[ 5 0%u(zi, tn) +D/33 (@i, by 1)}
K 02 21t o2 t 22
B - (B) 2 k 2 k
2r2 5 DILEAACY +Zdn Lk Ve(ul) | + Ry (14)

k=1
Lemma 4. l@/ Let {go, g1, -+ Gn,---} be a sequence of real numbers with the properties
dn Z O; 9n — gn—1 S O; gn+1 — 2gn + In—1 Z O
Then for any positive integer M, and for each vector [Vi,Va, ..., V] with M real entries,

M n—1
S (X avis)vazo
n=1 p=0
Now we will prove a very important and useful lemma.

Lemma 5. For 0 < 8 < 1, define d(ﬁ (k+1)'F — k=8 k=0,1,2,...,n, then for any positive integer N and
vector Q = [vt,v?,. ,val vN) e RN, we have

N n

ZZdnﬁJk o™ > 0, (15)
n=1k=1

N n N n—1

ZZdi@k vkv"—i—z difi)lik vFu™ > 0. (16)
n=1k=1 n=1 k=1



Proof. 1t is easy to check that

i.e.

For the sum in ([]), we can rewrite it in the following form

N n
szfzﬁkvkvn"f'zzd Z1- kUU =QAQ",

n=1k=1 n=1k=1
where

[ dgm 0 0 0 0

d) +al’ di” 0 0 0

a4 d( > OO e 0 0

A d(ﬁ) +d< e +déﬁ> P 4 df) 0 0

4P+ d(ﬁ) i0 , + d(ﬁ) , 49, 1 d?), e 0
i d(6)2 n d(ﬁ) d(ﬁ) L+ d%a)? d<5>4 n d(ﬁ) FOMPORFON

We can notice that to prove (@) is equivalent to proving the matrix A is positive definite. Therefore we only need

A+2AT is positive definite @] Hy is a real symmetric Toeplitz matrix and has the form

to prove Hy =

Hy

N =

24"
i) + d®
48 & g
&) 1 a

d(B) 5+ d(:@) ),

8 )
_d“ +d§v .

i) + 4P
24"
) + d®
48 1 g

40+ dP),
d(:@) )+ d(B)

40 4 df)
i) 4 d®
24"
i) + dgm

d(B) s+ d(B)

d(B) W+ d(B) )y

6 8
A, +df

)

i +d<5>
B B

&+,

B B
Ao vl

(8
24"
i 4 4P

40 +d®

d(m L+ dD

d(m L+ d(ﬁ)
> 4 d(ﬁ)

i + dgs)
B
24"

In the following, we will prove det(Hy) > 0. It is straightforward to verify that det(H;) = d((f) > 0, det(Hs) =

(d(B))

(d( )+d(ﬂ))2

a sufficiently large according to @ (Propositions 10.2 and 10.4), we have

Then we can conclude that det(Hyy1) > 0. To illustrate this, we give a figure plot of

and N (see Fig. 1). We can see that
As matrix H;, i =1,2,...,

det(HN)
dCt(HN+1

det(HN)
det(HNJrl)

> 0.

y > 0, particularly, when almost N > 250

? dCt(HN+1)
N are the principal minors of matrix Hy41 and det(Hy) > 0, k= 1,2,...,

det HN)
dCt Hy 1)
det(HN

then the real symmetric Toeplitz matrix Hy 1 is positive definite. The proof is completed.

> 0. For a finite integer N, we can explicitly calculate the value of det(Hy) > 0. When N is

with different 3
=~ Cﬂ > 0.

N +1,
O



12 —a—3=0.1
—o— =02

3=0.3
—+— =04
10 ——e&— (=05
———— (3=0.6
— 6=0.7
3=0.8
5=0.9 |

Figure 1: Figure plot of %m with different 8 and N.

To derive the finite difference scheme we also need the following lemma.
Lemma 6. [34] If u(z,t) € Cg:?(Q), then we have

w(@i, tn) + (i, th—1)

u(xi,tn_%) = 5 +0(7?),
0 _ (@i, tn) —u(wg, ty 1) 5
Eu(zz,tn_%) = - + O(17).

For the discretization of the time fractional derivative D¥u(z,t) (0 < a < 1), it is the same with D} u(z, t).

3. Derivation of the numerical schemes

In this section, we will give two different finite difference schemes of Eq.( ).

3.1. Scheme I: first order implicit scheme
Assume that u(z,t) € Cif’ (Q), from Eq.[ ), we have

t , Ou(Tistn)

Z bj D u(wi,tn) + al% + Z a Dt (i, tn) + agu(z;, tn)

j=1 1=1
O%u(x;, ty) 50%u(z;, ty)

:(ZQ,T + a4Dt T + f(ll]'z,tn)
Using Eqs.([@), (II) and ([I2]), we obtain
s n—1

> b [aé%)vtu? - Z(ant;c_l —all )Vl — al?) ga(as)
j=1 k=1

q n
+a1Viul + Z Ciito,l Z dfﬂivtuf + aguy
=1 k=1

=az30%ul + aqpz Z d;ﬁ_)kvt(éguf) + fi' + RY,,
k=1

(19)

(20)



1—~, 1—ap

where pq ; = FT(3—_7JJ_), M2 = Fa—apn M3 = FT(;—:Z) and |RY,| < C(7 4+ h?), in which C is independent of 7 and h.
Then, omitting the error term and denoting U* as the numerical approximation to u}', the implicit finite difference
scheme for Eq.([ ) at point (z;,t,) is given by

n—1

S i [0 VU = 3 (@) — 0l VUE — a2 ga ()
= k=1

q n
+ar ViU + Y epan Y A VUF + apU7
=1 k=1

:a35§U +a4ugzd Vt 52Uk)+fn, (21)

with initial and boundary conditions
Ul =¢1(z;), 0<i<M, Ur=U}y =0 1<n<N.

3.2. Scheme II: mized L scheme
Assume that u(x,t) € C;lzf(Q), from Eq.[ ), we have

ibjDzju(a:it 1)+Q1M+201D "u(wi,t,_ 1) + agu(wi,t, 1)
j=1 S ot =1 T T
82u(xl,tnfl) ﬂa (xi,tnfé)
S L L ) 2

Applying Eqs.([I0), (@3) and ([I4) and Lemma[6 we have

s n—1

> ba‘uu[ AT E (i) ) — al ) Veul —al?) ¢2($z)] + a1 Viug
q n
Crp2,1 a a _1
+ 2 5 {,;_1 dgl livtuf + I; 1 dfl 1) Vg ] + CLQ’U, 2 (23)

—agb2u] “4“3[2%‘3 Vi) 4 S, V@) + 17+ Ry
k= k=1

where |R3 ;| < C(7min{3=7:272a.2=8} 4 p2) Then, omitting the error term, we obtain the mixed L finite difference
scheme for Eq.(#) at point (z;,t,_ 1)

n—z
s n—1
ijﬂl,j[ §IVUr = (@) = alP)VUE = ) ¢2($z)] +a VU
Jj=1 k=1
q n
Clli2,1 o -3
+> =L DA Uk+Zd< VU] +au] (24)
=1 k=1 k=1
n—1
—a302U" % ¢ ‘“‘“3 [Zd VL (02UF) + Zd;ﬁjkkvtwg(]ﬁ)} +f7
k=1

Remark 1. Compared to scheme I, scheme II has high order accuracy. However, more terms are added in the
scheme II.



4. Theoretical analysis

4.1. Solvability
Firstly, we discuss the solvability of the finite difference scheme (ZI]).

Theorem 1. The finite difference scheme (Z1)) is uniquely solvable.

Proof. At each time level, the coefficient matrix B is linear tridiagonal

[ dy + 2ds —ds 0 e 0 0 i
—ds di + 2ds —ds 0 0
0 —ds dy +2dy - 0 0
B = . . . . . )
0 0 0 cordy 4 2dy —dy
i 0 0 0 e —dy di +2ds |
s q
where dy = Y bﬂ% + L+ S 2L gy > 0and dy = $4 4+ %42 > 0. Then B is a strictly diagonally dominant
j=1 =1
matrix. Therefore B is nonsingular, which means that the numerical scheme (2] is uniquely solvable. O
The solvability of the finite difference scheme ([24)) is similar.
4.2. Stability
Here, we will analyze the stability of the schemes ([2I)) and (24)) using the energy method.
Theorem 2. The implicit finite difference scheme (211) is unconditionally stable and it holds that
°L b T2 T
N 0
071 < P15+ 3 = Tyl + o max 11771,
where eg = Y % +ay and UN = [UN,UN, ..., U _|]T is the solution vector of (Z1)).
=1
Proof. Multiplying Eq.(2I) by hrV,U" and summing ¢ from 1 to M — 1 and n from 1 to N, we obtain
N M-1 n—1
TZb s Yo D [V = Y@ = e ) VUE — a2 o) | VU7
n=1 i=1 k=1
N M-1 q N M-1 n N M-1
+arm Y S WV AT apan Y S R A VUEV U +axr YN hUPV,UT
n=1 i=1 =1 n=1 i=1 k=1 n=1 i=1
N M-1 N M-1 =n N M-1
=asT Y Y hO2UPVUL + a4u37'z Ry dP v (2URV U Ty Z hfPv,Up. (25)
n=1 i=1 n=1 i=1 k=1 n=1 i=1
Using Lemma [Il we have
s N M-1 n—1
DI h[a”ﬂthﬁ S (e —d vk - af]’)lgbz(xl)} A
j=1 n=1 i=1 k=1
s TTl v N M-1 T2_,Y] M—-1
b ( h(V,U}")? hoa(z; 2)
_2:: j mz—m,; > VU = =) Z $a(x:)
- T N "

10



For the second term, we have

N N
aT Y Y WV =ar Y [[VU

n=1 i=1 n=1

Using (IH), we obtain

q N
T Z Cr2,1 Z

n q N n
thnalLVtU VtUn:TZCl,LLQJZZdO” th VtU") 0.

=1 n=1 i=1 k=1 =1 n=1k=1

Utilising the inequality a(a — b) >

N M-1

N
aTy > hUPVUP =ap y (U™ U™ —U"1)
n=1

n=1 i=1
N
a2 n|2 n—12 az N
>Z S (0B - 0 H) = Z (o™
n=1

Applying [®) and the inequality a(a — b) > %(a* — b%) again, we obtain

N M-1 N N
asT» > hSUPVUN = Z (62U, VU™) = —ag » (VU™ V,U" =V, U 1)
n=1 i=1 n=1 n=1
a N
3 n n—
S-S D (MR -unTh) = (IU0 —[UMD).
n=1

Combining (&), (I6) and Lemma [B] we have

N M-1 n N
@4%72 Z th(ﬂ WS UNVU = a4,u37—Z
n=1 i=1 k=1 n=1k
= — aapsT Z 3 A2 (VVLU), Vi(V.U7)) <0
n=1k=1

Using the important inequality ab < ca? + Z—i(a > 0), we have
N

5 = [1U°116)-

idﬁk(vt 62U™), VU™

k=1

N M-1 M—1 - N M-1
>y Z hfPV, U < Teg h(V,U)? + 5 SO hm?
n=1 =1 n=1 i=1 n=1 =1
N
:Tao;IIVtU"H% Z 17116 < Taoz IVU"|l3 e max ||/ 13,

s 1—~,
where g = 231 21)11327_;]) + ai. Substituting 20)-(B2) into ([25]), we have
J:

N s
. b T2~
TEOZHth ||% 221—1( )||¢2||0
n=1
N

a T
§§(|U° —[UNB) + 780 D_IIVU™3 + =

n=1

then rearranging gives

as|[UN|[5 + as|UN [} < as|[U°(|F + as|U°|F + Z

11

a2
5 ITN15 = 1T°116)

x 1116,

1< <N

||¢2||o x 1118,

1< <N



namely,

S

b T* T
||UN||1§||U0||1+ZF7)II¢2||0 x |1£7113,

1< <N

which proves that the scheme (ZI]) is unconditionally stable.

Theorem 3. The implicit finite difference scheme (24) is unconditionally stable and it holds that

gl + x 12,

TN < 770
TN < 1T ||1+ZF(3_ y 5o A,

S 1
where €9 = E % +ay and UN = [UN,UN,...,UN _|* is the solution vector of (Z4).

Proof. Multiplying Eq.(24)) by h7V,U!* and summing i from 1 to M — 1 and n from 1 to N, we obtain

N M-1 n—1 N M-1

TZb 5 Z Z [ 79) VUl — Z(a?_ji_l — afﬂ)th{“ (% 102z }VtUin +a17'z Z hV.UP)?
n=1 i=1

n=1 i=1 k=1

Jj=1
q c N M-1 n N M-1
+ry GRS h{Zd“l}cth’de?z) WVUE| VU a3 3wy ty,ur
=1 n=1 =1 k=1 k=1 n=1 =1
N M-1 N M-1 n n—
27— 3% n , Q4p3T B 277k (8) 277k n
=a37 Y Y h&U VU + 5 SO RD AP VuGUR + > d | Vi(82UF) | VU
n=1 i=1 n=1 ¢=1 k=1 k=1
N M-1
+TY Y ATV
n=1 i=1

=1 n=1 i=1
q Cufin.g N n ) N n—1 (o)
2, « n @ n
—r > SNl (vt v )+Z d) (ViU v, 0|
=1 n=1k=1 n=1 k=1
For the fourth term, we have
N M-1 N
n— n __ n Tn—1 7711 TTn—1
aT» > hU; VAT 2Z(U +Un L un—UnY

1 i=1 n=1

N
az n Trn— a2 |77 o
=7Z ([T II§ - 1T 1||3)=7(||UN||(2>—||UO||(2>)'

n=

=

For the fifth term, we obtain

N M-1 N
CbgTZ Z h5§Uin_%VtUi" = asT Z(ﬁﬁ”*%,vﬁ”)
n=1 i=1 n=1

N
as T Trn— as .77 T
== BN TR - 1T = 2OT0R - [TV ).

n=1

12

(37)



Combining (&), (I6) and Lemma [B] we have

N M-1 n n—1

WT?’T ¥ h[deﬁ)kvt((ngﬁ) +y d;‘?l,kvt(aﬁU;ﬂ)} WA
n=1 =1 k=1 k=1
n n—1
=24 Z [ > D, (Vu20%), V@) + 3 d? (Vuls20*), V@)
n= k=1 k=1
N n N n-—1
= S S (VYU VLT ) + 30 d VeV U), V(LT <0 (39)
n=1k=1 n=1 k=1
Using the important inequality ab < ea® + & (E > 0), we have
N M-1
Y > BfT PVUT < Téoz V.03 + Z [Vt
n=1 =1 - .
<reo DIV + g o 721 (39)

s el
where ¢ = 221 % + ay. Substituting 26]), 27) and B3)-B9) into B34, we have
f=

N s
reo ) |IViU"|I5 ~ 7”@”0 2(IIUNII(%—IIUOIIE‘;)
2P( v5)
n=1

N

a3 17702 TN 2 n T n—
=5 (UL =U7}) +T€0nz:1||th ||o+46  nax IS 2|13,
then we have
TN TIN |2 770 77012 b T n—112
az|[UM [ + as|U™ [T < a2||U°|[§ + as|U°|F Z ||¢2||o glglangllf 2115;
namely,
- bT
TN < 770 n—sz
o™y < 1lu ||1+Z )||¢2||o 220 1225 1 2[5,
which proves that the scheme (24)) is unconditionally stable. O

4.3. Convergence
Now we discuss the convergence of the schemes [21]) and (24)).

Theorem 4. Suppose that the solution of problem ([{])-(@) satisfies u(z,t) € C';lf(Q) Define u™ = [ul,ub,

.,1@_1]T as the exact solution vector, U™ = [UF,UY,...,U% 1T as the numerical solution vector of (Z1),
and U™ = [UF, UL, ..., U% |7 as the numerical solution vector of ([24), respectively. Then there exists two positive
constants Cy and Co independent of h and T such that

TL

n un" <C h2
||u ||1 = V1 280(7- )a
~ TL
[lu™ = U"™|1 < Cq 280( pin{3=ys,2-aq, 226} 4 p2)

A
where 0 — Zl m +aj.
1=

13



Proof. Denote €' = u? — U, e" = [e}, €5, ...,e%,_,]T. Subtracting 1)) from 20), we have

s n—1
ij,ulg{ ('YJ)Vte Z(a’gy—j;—l ('YJ) )V 6
j=1 k=1

q n
+a1Vie} + Z ey Z d) Viek + aze!
:a35§6 + aspus Zd(ﬂ)kvt 52 k + Rl i

with €? =0, e} = €%, = 0. Then from @2) and B3], we have

"2 Th SN 2~ Th N N s CITL oy
az|le”[|g + asle” |3 2_2 > (BT SQ—ZZ (T+h%)" < 260 ——— (T +h7)7,
k=1 i= =1 =1

i=1

namely,
C3?TL
n _ Un 2 1 h2 2
" = U7 < R )
Similarly, we can obtain
~ C2TL, .
||un _ Un”% < 2 (Tmln{Bf'yS,Qfanfﬁ} + h2)2.

280

5. Numerical examples
Example 1 We consider the following multi-term time fractional viscoelastic non-Newtonian fluid model.
Dju(a,t) + 252 + Dpula, t) + u(a, ) = T3 + D} I 4 f(a 1), (2,) € (0,1) x (0, 1],

Ox2
u(z,0) =sinme, u(z,0)=0, 0<xz<I1,
w(0,) =0, u(l,t)=0, 0<t<I,

where 0 < a, 0 < 1,1 <y <2,

72T (4)t3F

T, T
+ 3t + T4 —5)

7 N 7_‘_2 3
=) oy T )+

f(z,t) = sinmz

and the exact solution is u(x,t) = (3 + 1) sin7z.

Firstly, we use the implicit finite difference scheme (2I)) (Scheme I) to solve the equation and the numerical
results are given in Table 1. The table lists the Ly error and L, error and the convergence order of 7 for different
a, B, v with h = 1/1000 at t = 1. We can see that the numerical results are in perfect agreement with the exact
solution and the convergence order reaches the expected first order. Then we apply the mixed L scheme (24])
(Scheme II) to the equation. Table 2 displays the Ly error and Lo, error and convergence order of 7 for different a,
B, v with h = 1/1000 at t = 1. We can observe that the numerical results are in excellent agreement with the exact
solution and the convergence order attains the expected min{3 —~,2 — «,2 — 8} order. Compared to scheme I, the
results of scheme II are more accurate. In addition, we present a comparison of CPU time for two schemes in Table
3. Here the numerical computations were carried out using MATLAB R2014b on a Dell desktop with configuration:
Intel(R) Core(TM) i7-4790, 3.60 GHz and 16.0 GB RAM. We choose o = 0.7, § = 0.6, v = 1.5 and h = 1/1000 at
t =1 to observe the running time for different 7. We observe that the running time of Scheme II is more than that
of scheme I, which dues to the fact that more terms are added in Scheme II.

14



Table 1: The temporal error and convergence of Scheme I for different «, 8 and v with h = 1/1000.

a=0.7 =06, vy=15 |[|E(h,7)|l0 Order ||[E(h,7)||lcc Order
1/40 7.0478E-03 9.9671E-03
1/80 3.2211E-03  1.13  4.5553E-03  1.13
1/160 1.4899E-03  1.11  2.1071E-03  1.11
1/320 6.9792E-04 1.09 9.8700E-04  1.09
1/640 3.3092E-04 1.08  4.6799E-04  1.08
a=07 =08, y=16 |[|E(h,7)|l0 Order ||[E(h,7)||lcc Order
1/40 1.0895E-02 1.5408E-02
1/80 5.0166E-03  1.12  7.0946E-03  1.12
1/160 2.3164E-03 1.11  3.2759E-03  1.11
1/320 1.0742E-03  1.11  1.5191E-03  1.11
1/640 5.0073E-04 1.10  7.0814E-04  1.10
a=05, =03, vy=16 |[|E(h,7)|l0 Order |[E(h,7)||lcc Order
1/40 5.5522E-03 7.8520E-03
1/80 2.6575E-03 1.06  3.7583E-03  1.06
1/160 1.2862E-03  1.05  1.8190E-03  1.05
1/320 6.2820E-04 1.03  8.8841E-04  1.03
1/640 3.0906E-04 1.02  4.3707E-04  1.02
Table 2: The temporal error and convergence of Scheme II for different o, 8 and v with h = 1/1000.
a=0.7 =06, y=15 |[|E(h,7)|l0 Order ||[E(h,7)||lcc Order
1/40 2.8002E-03 3.9601E-03
1/80 1.0828E-03  1.37  1.5313E-03  1.37
1/160 4.1712E-04 1.38  5.8989E-04  1.38
1/320 1.6057E-04 1.38  2.2708E-04  1.38
1/640 6.2009E-05 1.37  8.7694E-05  1.37
a=0.7 =08, vy=16 |[|E(h,7)|l0 Order ||[E(h,7)||lcc Order
1/40 6.7356E-03 9.5256E-03
1/80 2.9253E-03 1.20  4.1370E-03  1.20
1/160 1.2677E-03  1.21  1.7928E-03  1.21
1/320 5.4905E-04 1.21  7.7648E-04  1.21
1/640 2.3795E-04 1.21  3.3652E-04  1.21
a=05, =03, vy=16 |[|E(h,7)|l0 Order |[|[E(h,7)||lcc Order
1/40 8.8331E-04 1.2492E-03
1/80 3.0948E-04 1.51  4.3767E-04  1.51
1/160 1.0881E-04 1.51  1.5388E-04 1.51
1/320 3.8658E-05 1.49  5.4671E-05  1.49
1/640 1.4074E-05  1.46  1.9904E-05  1.46

Table 3: The running time of Scheme I and II for different 7, with « = 0.7, 8= 0.6, v =1.5, h =1/1000 at t = 1.

T Scheme I Scheme I
1/40 2.9279s 3.5410s
1/80 9.5444s 10.6752s
1/160  33.2557s 35.8488s
1/320 123.4362s  130.4436s
1/640 475.8209s  492.6424s
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Example 2 Next, we consider the following unsteady MHD Couette flow of a generalized Oldroyd-B fluid B]

(142D 2uet) — (1 4 g8 pPfy2elet) _ (1 4 Ne D@ Yu(a,t), (2,t) € (0,1) x (0,2]
u(z,0) =0, wu(z,0)=0, 0<z<1,
u(0,t) =0, wu(l,t) =2tP, 0<t<2,
where 0 < a, 8 < 1, A is the relaxation time, 6 is the retardation time, K = oBg
the magnetic intensity and o is the electrical conductivity, and A, 6, K > 0.

This model describes the flow of an incompressible Olyroyd-B fluid bounded by two infinite parallel rigid plates
in a magnetic field. Initially, the whole system is at rest and the lower plate is fixed. Then at time ¢t = 0T, the
upper plate starts to slide with some velocity 2¢? in the main flow direction, which is termed as the plane Couette
flow. Due to the influence of shear, the fluid is gradually in motion.

In the calculations, we choose h = 1/1000, 7 = 1/100. In order to observe the effects of different physical
parameters on the velocity field, we plot some figures to demonstrate the dynamic characteristics of the generalized
Oldroyd-B fluid. Fig. 2 shows the effects of power-law index p and constant K on the velocity. We can see that
the velocity increases with increasing power-law index p and the magnetic body force is favorable to the decays of
the velocity. We can clearly find that the greater K is, the more rapidly the velocity decays. Fig. 3 exhibits the
effects of the relaxation time A\ and the retardation time 6 on the velocity. We can see that the smaller the A, the
more slowly the velocity decays. However, an opposite trend for the variation of § can be seen. Fig. 4 illustrates
the change of the velocity with different parameters o and 3. It is seen that the larger the value of «, the more
rapidly the velocity decays. The effect of 8 is contrary to that of a. Fig. 5 depicts the influence of time on the
velocity and we can observe that the flow velocity increases with increasing time.

, p is the density of the fluid, By is

p=0.0 K
S p05 S| L K
7 - b 35r
B S E ] IN— K
p=2.0 K

5F 1 25

u (z t)
u(z,t)

3t pie 1 15[ -

1r P 1 05F A=

Figure 2: Numerical solution profiles of velocity u(z,t) for different p (K =2) and K (p =1) with A=3,0 =4, a = 0.5, 8 =0.6 at
t=2.

6. Conclusions

In this paper, we proposed the finite difference method to solve the novel multi-term time fractional viscoelastic
non-Newtonian fluid model. We not only presented an implicit difference scheme with accuracy of O(r + h?), but
also give a high order time scheme with accuracy of O(Tmi“{3_7372_0‘q’2_ﬂ} + h?). In addition, we established the
stability and convergence analysis of the finite difference schemes. Two numerical examples were exhibited to verify
the effectiveness and reliability of our method. We can conclude that our numerical methods are robust and can
be extended to other multi-term time fractional diffusion equations, such as the generalized Oldroyd-B fluid in a
rotating system, the generalized Maxwell fluid model, the generalized second grade fluid model and the generalized
Burgers’ fluid model. In future work, we shall investigate the application of the these methods and techniques to
the novel multi-term time fractional viscoelastic non-Newtonian fluid model in high dimensional cases.
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