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Abstract: Recently, InGaN grown on semipolar and non-polar orientation has caused special attraction
due to reduction in the built-in polarization field and increased confinement of high energy states
compared to traditional polar c-plane orientation. However, any widespread-accepted report
on output power and frequency response of the InGaN blue laser in non-c-plane orientation is
readily unavailable. This work strives to address an exhaustive numerical investigation into the
optoelectronic performance and frequency response of In0.17Ga0.83N/GaN quantum well laser in
polar (0001), non-polar (1010) and semipolar (1012), (1122) and (1011) orientations by working out a
6 × 6 k.p Hamiltonian at the Γ-point using the tensor rotation technique. It is noticed that there is a
considerable dependency of the piezoelectric field, energy band gap, peak optical gain, differential
gain and output power on the modification in crystal orientation. Topmost optical gain of 4367 cm−1

is evaluated in the semipolar (1122)-oriented laser system at an emission wavelength of 448 nm when
the injection carrier density is 3.7 × 1018 cm−3. Highest lasing power and lowest threshold current are
reported to be 4.08 mW and 1.45 mA in semipolar (1122) crystal orientation. A state-space model
is formed in order to achieve the frequency response which indicates the highest magnitude (dB)
response in semipolar (1122) crystal orientation.

Keywords: blue laser; frequency response; InGaN; quantum confined stark effect; semipolar
orientation; valence band
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1. Introduction

A III-N Wurtzite (WZ) ternary semiconductor alloy like InGaN has emerged as a remarkably
attractive material for optoelectronic devices over the last era due to broad bandgap span (0.7 eV–3.4 eV),
magnificent electron mobility, thermal conductivity, chemical and thermal stability, breakdown field
and saturation drift velocity [1]. By tuning indium (In) composition of InxGa1−xN quantum well (QW)
in the active region, InGaN/GaN-based laser and light emitting diodes (LEDs) can efficiently emit
light between green and violet spectrum range [2]. For true-blue light emission, laser oscillating at a
wavelength of 440~450 nm is required. Blue laser imaging constructs superb images useful for the
detection and thorough examination of upper gastrointestinal lesions [3]. Since a blue laser is capable
of storing and reading two to four times the amount of data than a red laser, its typical application
range extends up to the functioning of high-density optical storage systems, high-resolution laser
printers, barcode scanners, Light Detection and Ranging (LIDARs) and temperature sensors, etc. [4].

Following the development of the first blue LED by Nakamura et al. in 1990s [5], most of the
research works to date have highlighted polar c-plane (0001)-oriented III-N heterostructures mainly for
availability of high-quality substrates. However, the growth of the InGaN blue laser in polar orientation
faces several challenges, ostensibly from the presence of the internal polarization field. Built-in
spontaneous polarization (SP) plus biaxial compressive strain-assisted piezoelectric polarization (PZ)
introduces an electric field at InGaN/GaN heterojunction that bends the energy bands. The hole and
electron wave functions shift in opposite directions due to such band bending, and the emanating
spatial separation of confined carriers decrease oscillator strength and transition probability of the
bound states [6]. The phenomenon is termed as quantum-confined stark effect (QCSE), as shown in
Figure 1. Furthermore, high injection carrier density is required for polar-oriented QW in order to
produce significant optical gain due to closely-spaced heavy-hole and light-hole bands at the gamma
(Γ)-point [7]. Thus, control of the internal fields in strained layers is essential with a view to realize
high power and high-speed InGaN-based optoelectronics.
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Figure 1. Visualization of quantum-confined stark effect (QCSE) in InGaN/GaN quantum well (QW).
Structure (a) suffers from QCSE while (b) is free from it.

Recently, it has become evident that in lieu of conventional polar c-plane (0001)-orientation,
non-polar- and semipolar-oriented III-N structures diminish or eliminate the internal polarization field
and related QCSE [8,9]. Hence, several basic and applied disquisitions on non-c-plane-oriented growth
of GaN and InGaN have been reported over the last few years thanks to plasma-assisted Molecular
Beam Epitaxy (MBE) and Metal-Organic Chemical Vapor Deposition (MOCVD). Semipolar (1122) and
(2021

)
-oriented blue laser diodes grown on sapphire substrate and lasing at peak wavelength of 439 and

456 nm were reported for the first time [10,11]. The optical properties of non-polar m-plane InxGa1−xN
(x ≤ 0.21) thin films have been characterized by Cao et al. via photoluminescence spectroscopy [12].
A work by Xing et al. demonstrated semipolar (1122)-oriented GaN epitaxial film growth on m-plane
sapphire substrate with significantly reduced defect densities [13]. Senichev et al. studied the impact
of growth conditions and strain state on the structural and optical properties of non-polar m-plane
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(1010)-oriented InGaN with In composition up to 39% [14]. Sawicka et al. reported the growth of
semipolar (2021) and non-polar (1010)-oriented InGaN growth with low In composition [15]. Song et al.
documented the growth of semipolar (2021)-oriented InGaN LED on sapphire substrate [16]. To date,
the optical gain profile and subsequent power-current and frequency response of InGaN QW-based
true blue laser in non-polar and semipolar orientations have not been studied in detail.

In this paper, the key optoelectronic properties such as energy band diagram, optical gain profile,
output power and frequency response of compressively strained In0.17Ga0.83N/GaN QW true blue laser
(λ = 445 nm) have been studied in the presence of the PZ-polarized field along polar (0001), non-polar
(1010) and semipolar (1012), (1122) and (1011) crystal orientations using 6 × 6 k.p Hamiltonian at
Γ-point. For accurate calculation of bandgap energy, temperature-dependent bandgap shrinkage
phenomenon is introduced. To explore the significant features in non-polar and semipolar orientations,
tensor rotation formula is mastered to alter the 6 × 6 k.p Hamiltonian matrix from (0001) crystal
orientation. The finite difference technique is utilized in order to evaluate valence and conduction
band Eigen energies and wave functions. The optical gain profile is determined from the momentum
matrix elements of charge carriers and interband coupling of valence subbands. The output lasing
power characteristics are evaluated by a Simulink model based on two-level laser rate equations.
An electron drift-leakage model is integrated into a recombination rate equation to depict efficiency
droop phenomenon comprehensively. Frequency response is estimated from the bode plot based on
state-space representation of QW laser. The results presented here are obtained at 300K. Figure 2 shows
the schematic representation of some of the polar, non-polar and semipolar orientations for WZ InGaN.
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Figure 2. Schematic representation of semipolar (1012), (1122), (1011) and non-polar (1010) orientations
for WZ InGaN. The shaded area marks polar (0001) orientation. Crystal angle θ is defined as the angle
between growth-axis and the c-axis.

The paper is organized as follows: computational details to determine the key optoelectronic
properties for the InGaN QW laser are demonstrated in segment 3. Results and discussion relevant
to orientation-dependent band gap energy, output power and frequency response are illustrated in
segment 4. This segment also contains the verifications of the simulation model with published results
on the InGaN QW-based green laser (λ > 500 nm) in polar and semipolar orientations. Convincingly,
a summary is encapsulated in segment 5.

2. Materials and Methods

2.1. Laser Structure

The numerical simulation of a reference single QW (SQW) laser structure (Figure 3) is considered
to study the non-c-axis-oriented InGaN blue laser optoelectronic performance [17]. This laser structure
has been developed by Sharp Corporation at Devices Technology Research Laboratories located in
Nara, Japan. It is grown on GaN substrate. The active and barrier layers of the device are formed
by 8 nm thick undoped In0.17Ga0.83N and 10 nm thick Si-doped GaN, respectively. The structure is
also composed of n and p-type InGaN buffer layer in order to maintain low spontaneous emission,
n and p-type Al0.1Ga0.9N top/bottom cladding layer to confine carrier spillover, n and p-type GaN
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top/bottom optical guiding layer and a p-type Al0.3Ga0.7N evaporation-prevention layer. An oxide
aperture is deposited above the upper AlGaN layer for current and index confinement [17]. In the
proposed laser system, the active region material has (hkil) orientation, and all other layers are in (0001)
orientation. In order to avoid structural degradation, the direct wafer bonding technique is assumed to
join the interface of (0001) and (hkil)-oriented layers [18–20].
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The composition-dependent energy gap, Eg for InxGa1−xN can be given by [21]:

Eg(InxGa1−xN) = (1− x)EGaN
g (T) + xEInN

g (T) − 1.43x(1− x) (1)

Here, EGaN
g (T) and EInN

g (T) describe the non-linear dependencies of the energy band gap on
temperature (band gap narrowing (BGN)) for GaN and InN epilayers. The temperature-dependent
band gap of GaN is given by semiempirical relations of “(2)” which is based on electron–phonon
interaction and average phonon occupation number [22].

EGaN
g (T) = EGaN

g (T = 0 K) − ζΘp

 1− χ

e(
Θp
T )
− 1

+
χ
4

 4

√
1 +

π2

6

(
4T
Θp

)2

+

(
4T
Θp

)4

− 1


 (2)

Here, EGaN
g (T = 0 K) = 3.47 eV, bandgap temperature coefficient ζ = 0.612 meV/K,

phonon temperature Θp = 728 K, degree of phonon dispersion χ = 0.42.
The temperature-dependent band gap of InN is calculated with Varshini’s law of “(3)” since the

overall impact of electron–phonon interaction on InN energy gap is considerably weaker than GaN [23].

EInN
g (T) = EInN

g (T = 0 K) −
αvarT2

βvar + T
(3)

Here, EInN
g (T = 0 K) = 0.69 eV, αvar = 0.41 meV/K and βvar = 454 K

The bandgap of GaN and InN at room temperature with BGN is found to be 3.403 and
0.64 eV, respectively.

2.2. Crystal Orientation-Dependent Energy Band Dispersion Profile

Parabolic conduction band (CB) dispersion profile is presumed throughout this work. 1-D Schrödinger
equation for conduction band in order to find discrete energy levels of QW is given below [24]:[

−}2

2m∗e

d2

dz2 + ve(z)
]
ψn(z) = Ee(kt = 0)ψn(z) (4)
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Here, conduction band wave function is ψn(z), } is reduced Planck’s constant, effective mass of
the electron is m∗e, Ee gives electron energy level and kt is inplane wave vector. ve(z) is conduction band
potential which is expressed by:

ve =

∣∣∣∣∣∣ aczεzz + act
(
εxx + εyy

)
|z| ≤ Lw

2
∆ve |z| ≥ Lw

2
(5)

Here, Lw is the QW length, acz and act are the deformation potentials for CB along the c axis and
perpendicular to the c axis, εi j are the principal strain components, ∆ve is the barrier layer conduction
band offset. We take acz = act for simplicity. Eigen function and Eigen energy for the conduction band
at Γ-point are evaluated by finite difference discretization. The conduction band energy dispersion
relation is found from the following equation:

E(k) =
}2

2

kx
2 + ky

2

met +
kz

2

mez

+ Ec
0 (6)

Here, kx, ky and kz are the wave vectors and Ec
0 accounts for bandedge energy.

The valence band structure for (0001) orientation is solved by using a 6× 6 k.p Hamiltonian matrix
H with means of finite difference scheme. The Rashba–Sheka–Pikus (RSP) six-band matrix for (0001)
WZ crystal is given by [25]:

Hψh(z) = Eψh (7)

The components of H and ψh(z) are:

H(k, ε) =



F −K∗ −H∗ 0 0 0
−K G H 0 0 ∆
−H −H∗ λ 0 ∆ 0
0 0 0 F −K H
0 0 ∆ −K∗ G H
0 ∆ 0 H∗ −H λ


(8)

Ψh(z) =



φ 3
2 , 3

2
(z)

φ 3
2 , 1

2
(z)

φ 1
2 , 1

2
(z)

φ 3
2 ,−3

2
(z)

φ 3
2 ,−1

2
(z)

φ 1
2 ,−1

2
(z)


=



g(1)(z)
g(2)(z)
g(3)(z)
g(4)(z)
g(5)(z)
g(6)(z)


φ j,m j or g( j) is the wave function components for valence band and E is the energy of heavy hole

(HH), light hole (LH) and crystal field split-off holes (CH). The matrix elements are:

F = ∆1 + ∆2 + λ+ θ

G = ∆1 − ∆2 + λ+ θ

∆ =
√2∆3

λ =
}2

2m0

[
A1k2

z + A2
(
k2

x + k2
y

)]
+ D1εzz + D2(εxx + εyy)

θ =
}2

2m0

[
A3k2

z + A4
(
k2

x + k2
y

)]
+ D3εzz + D4(εxx + εyy)
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K =
}2

2m0
A5

(
kx + iky

)2
+ D5(εxx − εyy)

H =
}2

2m0
A6

(
kx + iky

)
kz + D6(εzx + iεyz)

Here, Di’s give the deformation potentials for WZ crystals; Ai’s indicate the effective-mass
parameters of valence band; εij are the strain tensors; ∆1, ∆2 and ∆3 account for the crystal-field-split
energy and spin-orbit interactions.

The following formula of the rotation matrix is used to find wave vector in non-c-plane (hkil)
crystal orientation [26]:

OR =


cosθcosφ −sinφ sinθcosφ
cosθsinφ cosφ sinθsinφ
−sinθ 0 cosθ

 (9)

where θ = cos−1(
√

3al
√

4c2(h2+k2+hk)+3a2l2
); φ = tan−1 ik

h .

Here, in-plane and out of plane lattice constants for hexagonal structure are noted by a and
c, respectively.

We assume the inclination angle θ reliance of physical parameters only due to the hexagonal
symmetry. Transformation of the basis states into (x’,y’,z’) coordinates from (x,y,z) coordinates is
accomplished by rotation of the angle θ. The z axis points along the c-direction, and z’ is perpendicular
to the growth plane (hkil) as shown in Figure 4.
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The strain tensor ε is related with inclination angle θ as follows [27]:

εxx = εxx
(0) + εxztanθ (10)

εyy = εxx
(0) (11)

εzz = εzz
(0) + εxzcotθ (12)

εxz = −

((
c11 + c12 + c13

ε
(0)
zz

ε
(0)
xx

)
sin2θ+

(
2c13 + c33

ε
(0)
zz

ε
(0)
xx

)
cos2θ

)
ε
(0)
xx cosθsinθ

×
1

c11sin4θ+2(c13+2c44)sin2θcos2θ+c33cos4θ

(13)

Here, εxx
(0) =

awell−abarrier
abarrier

and εzz
(0) =

cwell−cbarrier
cbarrier

.
The other strain constants are zero. cij are the elastic stiffness constants.
The k.p Hamiltonian in (hkil) orientation is assigned by:

H(hkil) = UH(0001)U∗ (14)
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The transformation matrix U is defined as [28]:

U =



α∗ 0 0 α 0 0
0 β 0 0 β∗ 0
0 0 β∗ 0 0 β
α∗ 0 0 −α 0 0
0 β 0 0 −β∗ 0
0 0 −β∗ 0 0 β


(15)

Here, α = 1
√2 ei(3π/4) and β = 1

√2 ei(π/4).
Hence, we get a six-band k.p matrix along the growth coordinate system (x’,y’,z’) by replacing the

Hamiltonian of “(5)” for the (0001) orientation with the transformation relation of “(12)”.

2.3. Piezoelectric Field

The PZ polarization P’ along (x’,y’,z’) coordinates relies upon the inclination angle θ as follows [29]:

P′z = Pxsinθ+ Pzcosθ+
(
PSP

QW
− PSP

b
)
cosθ (16)

P′x = Pxcosθ− Pzsinθ; P′y = 0 (17)

PSP is the spontaneous polarization and Px, Py and Pz are the polarization elements along
(x,y,z) coordinates.

Px = 2d15c44εxzPy = 0Pz = [d31(c11 + c12) + d33c13]
(
εxx + εyy

)
+ [2d31c13 + d33c33]εzz

The electric field reduces to growth direction z only in case of no external charges. The internal
electric field within the barrier and QW is determined from the Gauss law as stated [30]:

εQWEQW
z − εbEb

z = −
P′z
ε0

(18)

Here, ε(QW) and ε(b) are the permittivity for quantum well and barrier layer, respectively, and ε0 is
the permittivity of vacuum.

From the QCSE theory, the change in energy band profile for quantum well structure due to PZ
field can be given by [31]:

Ec = Ec(Ez = 0) + ∆Ec and Eh = Eh(Ez = 0) + ∆Eh

Ec and Eh are electron and hole energy and ∆E is energy shift due to PZ field which is expressed by:

∆E = C
m∗e2E2

zL4

}2 ; C =
1
8

(1
3
−

2
π2

)2
L = QW length

2.4. Momentum Matrix and Optical Gain Profile

Optical gain profile for QW as a function of energy is demonstrated by [32]:

g(E) =
2q2}

nE0cm02LE
×

∑
n,m

∫
∞

0

ktMnm(kt)Γ
2π

(Ecn(kt) − Ekpm(kt) − E)2 + (Γ/2π)2
( fcn
− fvm)dkt (19)

Here, Γ = }/τ, τ is relaxation time of photon, fv and fc express the Fermi levels of valence and
conduction bands, Mnm is the strained QW momentum matrix element.

fcn(kt) =
1

1 + exp
{
[Ecn(kt) + (m0/m∗e)

(
E− (Ecn(kt) − Ekpm(kt)

)
) − Fc]/kT

}
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fvm(kt) =
1

1 + exp
{
[Ekpm(kt) − (m0/m∗h)

(
E− (Ecn(kt) − Ekpm(kt)

)
) − Fv]/kT

}
In carrier density-dependent quasi-fermi level calculation, it is considered that the injected carrier

is electron. The expressions of quasi-fermi levels of conduction and valence bands, Fc and Fv can be
given by [22]:

Fc = Ec1(kt = 0) + kTln
(Ninj + ni

Nc

)
Fv = Ekp1(kt = 0) − kTln

(Ndop + ni

Nv

)
where, Ec1 and Ekp1 are the first conduction and valence band energy at band edge, Ninj is the injected
carrier density, Ndop is the p-type doping density in the well, ni is the intrinsic carrier density, Nc and
Nv are the density of state of electron and hole for the QW material.

The interband optical momentum-matrix elements in WZ QW structure for transverse electric
(TE) and transverse magnetic (TM) polarization of the optical electromagnetic field can be illustrated
as follows [22]:

Mnm(kt)[TE] = −
1
√

2
g(1)α∗cosθ

(m0P2
}

)
+ 1
√

2
g(2)βcosθ

(m0P2
}

)
−g(3)β∗sinθ

(m0P1
}

) (20)

Mnm(kt)[TM] = −
1
√

2
g(1)α∗sinθ

(m0P2
}

)
+ 1
√

2
g(2)βsinθ

(m0P2
}

)
+g(3)β∗cosθ

(m0P1
}

) (21)

The first term is for conduction band (CB)-heavy hole (HH) transition, second term for CB-light
hole (LH) transition and third term for CB-crystal field split-off hole (CH) transition. Here,

P2
1 =

}2

2m0

(
m0

m∗e
− 1

) (Eg + ∆1 + ∆2)
(
Eg + 2∆2

)
− 2∆2

3

Eg + 2∆2

P2
2 =

}2

2m0

(
m0

m∗e
− 1

)Eg[(Eg + ∆1 + ∆2)
(
Eg + 2∆2

)
− 2∆2

3]

(Eg + ∆1 + ∆2)(Eg + ∆2) − ∆2
3

Key parameters for InN and GaN [33] are listed in Table 1. The properties for InxGa1-xN were
computed by applying Vagard’s law.

Table 1. Key Parameters for GaN and InN.

Symbol Quantity (Unit) GaN InN

a Lattice Constant (A0) 3.189 3.544
c 5.185 5.718
n Refractive Index 2.29 3.2

A1

Valence band effective mass parameters

−7.24 −15.803
A2 −0.51 −0.497
A3 6.73 15.251
A4 −3.36 −7.151
A5 −3.35 −7.060
A6 −4.72 −10.078
∆1 Energy parameters (meV) 21 17
∆so 11 3

∆2 = ∆3 = ∆so/3 3.67 1
C11

Elastic Stiffness Constant (GPa)

375 225
C12 140 110
C13 115 95
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Table 1. Cont.

Symbol Quantity (Unit) GaN InN

C33 385 200
C44 120 45
D1

Deformation Potentials(eV)

−4.08 −3.62
D2 0.7 −4.60
D3 2.1 2.68
D4 1.4 1.74
D5 −0.7 −2.07
D6 −0.7 −2.07
d33

Piezoelectric Constant(C/m2)
0.65 0.43

d31 −0.33 −0.22
d15 −0.33 −0.22
Psp Spontaneous Polarization (C/m2) −0.029 −0.032
A Unimolecular recombination rate coefficient (s−1) 1 × 107 4 × 107

B Radiative recombination rate coefficient (cm−3 s−1) 1.1 × 10−8 2.0 × 10−10

C Auger recombination rate coefficient (cm−6 s−1) 1.4 × 10−31 1.05 × 10−31

2.5. Output Power and Frequency Response

Two-level rate equations which represent carrier confinement in the single QW and Separate
Confinement-Heterostructure (SCH)/barrier layers is modeled in Simulink in order to obtain crystal
orientation-dependent output power vs. current (P-I) response of InGaN blue laser. This laser model
only simulates spontaneous emission of photons region and linear stimulated emission region [34].
The simulation approach is shown in Appendix A.

The rate equations [35] are

dNb
dt

=
ηiI

qVbarr
−Rb (Nb) −

Nb
τcapt

+
NwVact

Vbarr

N
τem

(22)

dN
dt

=
Vbarr

NwVact

Nb
τcapt

−
N
τem
−Rw(N) − Γcvgr

α(N)

φ(S)
S (23)

dS
dt

= −
S
τp

+ NwRwβ(N) + NwΓcvgr
α(N)

φ(S)
S (24)

S
P f

=
λτp

ηcVacthc
= ϑ (25)

Carrier-dependent gain α(N) = G0ln
(

Rw(N)
Rw(N0)

)
Gain Saturation φ(S) = 1

1+εΓcS
The ABC model which is used in [33] for evaluating carrier recombination rate in QW and

SCH is unable to consider a complete portion of injection efficiency as this term is dependent upon
incomplete capture of carriers into the active region and carrier escape from the active region [36].
Hence, the ABC model is inadequate to describe the steep drop in peak optical power and efficiency of
III-nitride based lasers. In order to depict this droop phenomenon extensively, the ABC + f(N) model is
introduced to scrutinize the mechanism of carrier recombination inside QW and SCH [37]. A, B and C
are the unimolecular, radiative and Auger recombination coefficient; f(N) denotes carrier escape from
active region.

QW recombination rate RW(N) = AN + BN2 + CN3 + CDL,WN3 + DDL,WN4 (26)

SCH recombination rate Rb(Nb) = AbNb + BbNb
2 + CbNb

3 + CDL,bNb
3 + DDL,bNb

4 (27)
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In “(26)” and “(27)”, CDL and DDL are coefficients related with reduction in injection efficiency
due to electrons drift leakage. δ is assumed as 0.1%.

CDL =
δµn

µpppo
B (28)

DDL =

(
δµn

µpppo

)2

B (29)

In “(28)” and “(29)”, majority carrier concentration ppo is connected with temperature T and
energy bandgap Eg as follows:

ppo = (NcNv)
1/2exp

(
−Eg

2kT

)
(30)

Nc = 2
(

2πm∗ekT
h2

)3/2

; Nv = 2
(2πm∗hkT

h2

)3/2

The electron and hole mobility for GaN and InN as a function of doping concentration N and
temperature T is given by “(31)”.

µ0(T, N) = µmin(T/300)β1 +
(µmax − µmin)

(
T

300

)β2

1 +
[

N
Nre f ( T

300 )
β3

]σ( T
300 )

β4
(31)

Reference density Nref is taken as 1017 cm−3. Required parameter values for “(31)” are adopted
from [38]. The electron and hole mobility for In0.17Ga0.83N QW and GaN SCH are then linearly
interpolated from GaN and InN mobility values using Vagard’s law to be used in “(28)” and “(29)”.

RWβ(N) = βAAN + βBBN2 + βCCN3; βA, βB and βC are coupling constants.

Photon lifetime τp is given by: τ−1
p = vgr

[
αi +

ln( 1
Rm )

Lc

]
.

Here, αi = internal cavity loss, Lc = cavity length and Rm = average reflectivity.
Output power coupling constant is calculated by:

ηc = 0.5ln
( 1

Rm

)
/[αiLc + ln

( 1
Rm

)
(32)

Equation (22) links the rate of change of carrier density Nb in the SCH layer with the pumping
current I, rate of recombination in SCH and the interchange of carrier within the QW and SCH
layers—i.e., the rate of carrier capture and emission by QW. Equation (23) connects the rate of change
in carrier concentration N to the SCH layer carrier capture rate, carrier emission from QW, rate of
recombination in QW and the stimulated-emission rate. Equations (24) and (25) define density of
photon S and lasing power Pf. From “(22)” to “(25)”, lasing wavelength λ, carrier-dependent gain
α(N), gain coefficient Go, optical transparency density No, group velocity vgr and photon lifetime τp are
crystal orientation dependent.

The following 3rd-order state-space model is applied with a view to simulating frequency
response [30]. Appendix B shows the components of this state-space model.


.

Nb.
N
.
S

 =



∂
(

dNb
dt

)
∂Nb

∂
(

dNb
dt

)
∂N

∂
(

dNb
dt

)
∂S

∂( dN
dt )

∂Nb

∂( dN
dt )
∂N

∂( dN
dt )
∂S

∂( dS
dt )

∂Nb

∂( dS
dt )
∂N

∂( dS
dt )
∂S




Nb
N
S

+


ηi
qVbarr

N
S

I
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y = [0 0 1]


Nb
N
S

 (33)

Relevant material parameters [39–43] in order to assess P-I response are listed in Table 2.

Table 2. Relevant parameters used for evaluating P-I characteristics.

Symbol (Unit) Quantity Value

ηi Current-injection efficiency 0.86
Γc Optical confinement factor 0.029

Vact (m3) Volume of one QW 4 × 10−19

ηc Output power coupling coefficient 0.51
ε Phenomenological gain-saturation term 5 × 10−17

AW (s−1) QW unimolecular recombination constant 3.3 × 107

Ab (s−1) SCH unimolecular recombination constant 1 × 107

CW (cm−6 s−1) Auger recombination constant in QW 3.5 × 10−31

Cb (cm−6 s−1) SCH Auger recombination constant 1.4 × 10−31

BW (cm3 s−1) QW Radiative recombination constant 3.06 × 10−10

Bb (cm3 s−1) SCH radiative recombination constant 1.1 × 10−8

βB Radiative recombination coupling 1 × 10−4

Vbarr (m3) Volume of SCH 3 × 10−17

τcap (ps) QW capture lifetime 4
τem (ps) emission lifetime of QW 6
αi (cm−1) Internal loss of the cavity 42
Lc (µm) Cavity length 200

Rm Mean mirror reflectivity 0.995

3. Results and Discussion

Following the numerical method described in Section 2, the optoelectronic performance of WZ
In0.17Ga0.83N/GaN SQW blue laser was investigated in polar (0001), non-polar (1010) and semipolar
(1012), (1122) and (1011) crystal orientations as a function of strain and related PZ field and QCSE.
In the case of the proposed laser structure, the well was compressively strained for the selected In
composition. Figure 5 depicts the strain tensor components as a function of crystal angle θ (inclination
angle) of the growth axis to c-axis. From Figure 5, a noteworthy variation in the strain tensor elements
is visualized for 0◦ < θ < 90◦. Here, the strain component εyy is constant (−0.019) and independent of
angle θ as realized from “(9)”. The strain component εxz is zero for the (0001) and (1010) orientation
(θ = 0◦ and 90◦) which means the in-plane strain is isotropic for polar crystal orientation. The strain
components εxx and εzz show a maximum at θ = 0◦ and θ = 90◦, respectively.Crystals 2020, 10, x FOR PEER REVIEW 12 of 24 
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The internal field for PZ polarization along the growth direction z’ can be computed from the
strain tensors. The strain-assisted PZ polarization and SP polarization normal with respect to (w.r.t)
QW plane is plotted in Figure 6a as a function of the crystal angle between the In0.17Ga0.83N/GaN SQW
growth axis and the c-axis. The normal polarization is crucial due to quantized energy levels of QW
structures along the growth direction. Because of this normal polarization, charge carriers accumulate
at the heterointerface and generate an internal electric field. As seen from Figure 6a, the normal
polarization is asymmetric w.r.t in the (1010) orientation (θ = 90◦). Topmost normal polarization was
observed for (0001) orientation (θ = 0◦) due to larger compressive strain; then, it indicated a change in
sign with an increasing crystal angle and became negative for θ = 58◦ < θ < 90◦ range due to smaller
strain. The internal field is shown in Figure 6b as a function of angle θ. It is seen that the internal field
gradually increased and changed its sign with increasing crystal angle. Since the SP and strain-assisted
PZ polarizations were zero for the (1010) crystal orientation, zero internal field was obtained in this
orientation. In addition, the internal field was assessed to be zero near the crystal angle of 58◦, as the
sum of PZ and SP polarizations in the well was equal to that in the barrier. Thus, lasing characteristics
for these crystal orientations (for example, (1122) semipolar orientation corresponding to 58.4◦ for
In0.17Ga0.83 N/GaN QW) were anticipated to be largely improved due to the vanishing PZ polarization
field and related QCSE.
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Figure 6. (a) The strain-assisted normal piezoelectric and spontaneous polarization w.r.t growth plane
for In0.17Ga0.83N QW and GaN barrier and (b) the internal electric filed as a function of crystal angle θ
between the growth direction of QW and the c-axis.

Using the values of strain tensor components and internal polarization field, the energy band
dispersion profile for (a) (0001) (θ = 0◦), (b) (1010) (θ = 90◦), (1012) (θ = 43◦), (1122) (θ = 58.4◦) and
(1011) (θ = 62◦) crystal orientations of WZ In0.17Ga0.83N/GaN QW blue laser were reckoned by solving
6 × 6 k·p RSP Hamiltonian at Γ-point and plotted in Figure 7. The figures are plotted with the same
scale of the vertical and horizontal axis with a view to compare the orientation-dependent energies as
a function of wave vector k. Here, conduction band, heavy hole, light hole and crystal field split off

hole band dispersions are abbreviated as CB, HH, LH and CH, respectively. The conduction band
in non-c-plane orientation was found to be parabolic as in a c-plane QW due to the nearly isotropic
effective mass and spherically symmetric angular momentum Eigen-function of electrons. As seen
from Figure 7, the increasing coupling from distant bands suggest strong anisotropy at the top valence
band structure for non-polar and semipolar orientations unlike the polar (0001) c-plane for which a
symmetric in-plane kx-ky band dispersion was observed. The result for non-polar (1010)-oriented QW
structure shows small subband energy spacing between HH and LH. This strong band interaction
eventually hindered fast movement of charge carriers prompting a reduction in lasing efficiency.
On the other hand, semipolar (1122) and (1011) orientations showed an exquisite dispersion profile in
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terms of decreased interband coupling and QCSE. This increase in subband energy spacing ultimately
reduced the hole effective mass around the topmost valence band remarkably leading to improved
emission characteristics.
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crystal orientation of In0.17Ga0.83N/GaN QW blue laser.

The crystal orientation-dependent energy spacing between conduction band (CB)-heavy hole
(HH), CB-light hole (LH) and HH-LH bands at the Γ-point were estimated in order to justify the
optical emission profile and listed in Table 3. Because of allowed transition from CB to HH band,
lasing emission occurred. Amid the intra-subbands, carrier tended to make a transition from CB to LH,
whose probability decreased while the energy splitting between HH and LH was higher. The change
in energy splitting was found to have strong dependence on crystal orientations. The Γ-point splitting
between HH and LH was evaluated to be the maximum in semipolar (1122) orientation and minimum
in (0001) orientation, so better performance can be expected in semipolar (1122) crystal orientation.

Table 3. Energy separation in different crystal orientation.

Crystal Orientation CB-HH (eV) CB-LH (eV) HH-LH (eV)

(0001) 2.741 2.921 0.18
(1012) 2.702 3.552 0.85
(1122) 2.765 4.517 1.752
(1011) 2.824 4.174 1.35
(1010) 2.80 3.162 0.362

The TE and TM-polarized optical momentum matrix elements for the transition between CB-HH,
CB-LH and CB-CH was derived from Γ-point Eigen values and plotted as a function of angle θ in
Figure 8a,b. The interband momentum matrix elements from CB to HH and LH bands were controlled
by TE polarization as shown in Figure 8a, and the interband transition from CB to CH band was mainly
influenced by TM polarization, as seen in Figure 8b.The TE optical matrix element for CB-LH transition
was seen to decrease rapidly with an increasing angle θ giving a minimum at 58◦, and then showed
a slight increase till 90◦—i.e., (1010) orientation. On the contrary, the TE optical matrix element for
the CB-HH transition briskly escalated towards a maximum of 58◦ and then started to decrease till
90◦. The peak value of momentum matrix was nearly 1.5 greater than that of the (0001) orientation.
This is incontestably justified from the crystal orientation-dependent energy band dispersion profile of
Figure 7. The minimal energy splitting between HH and LH bands and associated strong interband
coupling for (0001) and (1010) orientations effectively ceased quick carrier transition from VB to CB.
On other side, since the HH-LH energy splitting was maximum at (1122) orientation (θ = 58.4◦),
the optical momentum matrix for this orientation was near the highest value.
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Figure 8. In0.17Ga0.83 N/GaN QW blue laser’s optical momentum matrix elements normalized at
Γ-point as a function of inclination angle θ for carrier transition from CB to HH, LH and CH due to
(a) transverse electric (TE) and (b) transverse magnetic (TM) polarization.

The momentum matrix elements for CB-HH and CB-LH transitions in different crystal orientations
as a function of wave vector k for TE polarization are illustrated in Figure 9a,b. For CB-HH transition,
momentum matrix element in (1122) orientation was maximum and lowest in (0001) orientation due to
the overlaying function of holes and electrons, and the subsequent band mixing effect was highest and
lowest in (1122) and (0001) orientations, respectively. This phenomenon is justified from Figure 9b of
CB-LH transition where maximum and minimum values of carrier transition probability were found
in (0001) and (1122) orientations.
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as a function of wave vector, k in different crystal orientations.

Figure 10 illustrates crystal orientation-dependent optical gain profile for TE polarization which
was computed using “(19)”. Topmost optical gains were assessed to be 1898, 2372, 2847, 4367 and
3701 cm−1 at wavelength λ of 452, 443, 459, 448 and 439 nm in (0001), (1010), (1012), (1122) and (1011)
orientations, respectively. For (1122) crystal orientation (θ = 58.4◦), topmost gain was noticed because
of the diminishing internal PZ polarization field and highest separation between HH and LH energy
band, resulting in reduced QCSE and greater probability of transition from CB to HH. On the other
hand, lowest gain was found in (0001) crystal orientation due to highest PZ polarization field and
valence subband interaction and decreased probability of transition from CB to HH.
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Figure 10. Orientation-dependent optical emission profile of In0.17Ga0.83N/GaN QW blue laser.

Figure 11 demonstrates that TE-polarized optical gain in different crystal orientations relies upon
the injection carrier density. The gain profile for (1122) and (1011)-oriented QW were very close to each
other due to a small difference between their optical momentum matrix elements. Highest optical gain
was observed in (1122) orientation and lowest in (0001) orientation. Additionally, threshold optical
gain in a particular crystal orientation was found to be substantially dependent on the injection carrier
density. The carrier density required to start gain was found to be smaller in (1122) orientation and
higher in (0001) orientation.
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Figure 11. Optical gain in different crystal orientations depends on injection carrier density.

The differential gain at lasing wavelength is defined as the derivative of optical gain w.r.t charge
carrier density in an active region calculated near the threshold point of stimulated emission. It is a
crucial parameter in realizing efficient lasing operation since the relaxation oscillation frequency is
assumed to be proportional to the square root of differential gain. The crystal orientation-dependent
highest differential gain was calculated and shown in Table 4. Maximum differential gain of
6.34 × 10−16 cm2 was found in (1122) crystal orientation at injection carrier density of 2.08 × 1018 cm−3,
and minimum differential gain of 4.35 × 10−16 cm2 was found in (0001) crystal orientation at injection
carrier density of 3.64 × 1018 cm−3. So, higher carrier density is required to produce significant
stimulated emission in polar c-plane crystal orientation than in semipolar and non-polar cases.
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Table 4. Highest differential gain as a function of injection carrier density in TE mode.

Crystal Orientation Differential Gain (10−16cm2) Injection Carrier Density (1018cm−3)

(0001) 4.35 3.64
(1012) 5.32 3.02
(1122) 6.34 2.08
(1011) 6.26 2.13
(1010) 5.03 3.31

The impact of piezoelectric (PZ) field and related QCSE on In0.17Ga0.83N/GaN QW blue laser in
terms of the CB minima, VB maxima and optical gain profile is encapsulated in Table 5. It’s seen that
for (1122) and (1010) orientation, the effect of PZ field is null which is verified from Figure 6. The shift
in energy, peak gain and peak wavelength is evaluated maximum in (0001) orientation and minimum
in (1011) orientation.

Table 5. Effect of PZ field in different crystal orientation.

Crystal
Orientation

PZ Field
(MV/cm) Peak Gain (cm−1)

Emission Wavelength
(nm)

Conduction
Band Energy
Shifts, ∆Ec

(meV)

HH Band
Energy Shifts,

∆Ehh

(meV)
Without
PZ Field

With PZ
Field

Without
PZ Field

With PZ
Field

(0001) −1.79 4245 1898 443 452 0.5120 0.7315
(1012) −0.85 4660 2847 452 459 0.1337 0.2927
(1122) 0 4880 4367 446 448 0 0
(1011) +0.15 4800 3701 439 439 0.0824 0.1541
(1010) 0 4178 2372 438 443 0 0

Figure 12 presents optical power-injection current profile for compressively strained
In0.17Ga0.83N/GaN SQW blue laser in polar, non-polar and semipolar crystal orientations. For different
QW structures at lower input currents, the discrepancy between the optical powers is noticed to be
comparatively smaller than those of at higher input currents. It is observed that slope efficiency for polar
(0001) and semipolar (1012) orientations are considerably less than semipolar (1011) and (1122) crystal
orientations. This behavior can be attributed to their PZ field and associated band-bending and QCSE.
As seen in Figure 6, there was a significant disparity in polarization charges between In0.17Ga0.83N QW
and GaN barriers. Again, only the carriers contained in QW were suited to contribute to radiative
recombination plus stimulated emission produced by laser. The presence of large polarization field
at the QW/barrier interface for polar c-plane and semipolar (1012) orientations created a triangular
barrier (Figure 1) which reduced carrier injection into the active region; it also aided the probability
of carrier escape from the active region. The auger recombination rate also increased in comparison
with radiative recombination, as it updated with square of density. This cumulative effect decreased
carrier concentration in the QW, so reduced stimulated emission, optical gain and steep dropped in
peak lasing power in these orientations. For non-polar (1010) crystal orientation, the strong interband
mixing effect is apparently the main reason behind low slope efficiency of P-I curve. As seen in Table 3,
Γ-point splitting between HH and LH for this orientation was only 0.362 eV. This minimal energy
splitting effectively ceased quick carrier transition from VB to CB, so decreased optical momentum
matrix elements plus gain and drop in output power in this orientation. On the contrary, the effect of
band bending and QCSE was negligible in semipolar (1122) and (1011) crystal orientations compared to
others. It is noticed from Figure 12 that lowest threshold current of 1.45 mA and highest optical power
of 4.08 mW were found in 1122-oriented QW laser structure because of the highest gain plus optical
momentum matrix elements for transition between CB to HH and lowest interband coupling between
HH and LH in this orientation. Maximum threshold current of 2.75 mA was evaluated in (0001) crystal
orientation. However, after close inspection, it was assumed that efficiency droop phenomenon is not
a major concern for blue laser system operating at room temperature (300 K). In order to justify this
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statement, a plot of external quantum efficiency (EQE) vs. injection current is displayed in Figure 13 for
(1122)-oriented blue laser system at different temperature following the concept of [37]. As seen in this
figure, efficiency droop was largest at 80 K. When the temperature was increased to 300 K, the efficiency
droop was drastically reduced. This behavior can be explained by acknowledging “(28)” to “(31)”.
The terms CDL and DDL are strongly temperature-dependent. The majority of carrier concentration ppo

degraded exponentially with drop in temperature. Charge carrier mobility µn and µp also reduced
randomly with decreasing temperature. Since the term ppo overtook temperature-dependence of
µn and µp, the value of CDL and DDL rose with the drop in temperature influencing steep droop in
EQE. Additionally, with the fall in temperature, fermi energy gap increased (BGN) causing much less
acceptors to ionize. This in turn, created discrepancy in carrier concentration, so EQE droop occurred
at low injection currents for 80 K. However, the case was the opposite for 300 K. Reduction in fermi
gap improved carrier transport between CB and VB, so higher carrier concentration and negligible
EQE droop effect were observed.
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Figure 13. External quantum efficiency (EQE) vs. injection current at different temperatures for
semipolar (1122)-oriented InGaN blue laser.

The P-I curve was analyzed near threshold in order to obtain operating points of Table 6 and use
them to simulate frequency response following the state-space model of “(33)”.
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Table 6. Crystal orientation-dependent operating points close to threshold.

Crystal
Orientation

Pumping Current
(mA)

QW Electron
Density Nop (cm−3)

SCH Electron
Density Nbop (cm−3)

Photon Density
Sop (cm−3)

(0001) 2.80 1.52 × 1016 1.23 × 1015 1.55 × 109

(1010) 2.30 1.57 × 1016 1.26 × 1015 1.29 × 1010

(1012) 2.00 1.66 × 1016 1.30 × 1015 1.18 × 1011

(1122) 1.50 1.80 × 1016 1.39 × 1015 1.07 × 1013

(1011) 1.95 1.73 × 1016 1.35 × 1015 1.02 × 1012

Sop, Nop and Nbop represent photon and electron densities (QW/SCH) for bias current close to the threshold point.

Figure 14 illustrates the Bode diagram in order to show magnitude (dB) and phase response of the
In0.17Ga0.83N/GaN SQW blue laser in different crystal orientations. Since the Bode plot shows positive
gain and phase margin in each orientation, the In0.17Ga0.83N/GaN SQW laser system for all orientations
is stable. Highest and lowest magnitude (dB) response was obtained in semipolar (1122) and polar
(0001) crystal orientations because highest and lowest peak gain as well as optical output power were
found in these orientations. From the aforementioned results, it is apparent that small rise time or
fast response can be expected in semipolar (1122) orientation (crystal growth angle of 58.4◦ w.r.t polar
c-plane (0001) orientation) for the In0.17Ga0.83N/GaN QW blue laser.
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Figure 14. Frequency response of In0.17Ga0.83N/GaN SQW blue laser in different crystal orientation.

To confirm the validity of the proposed numerical approach, the results obtained from the
simulation model are required to compare with the published results. Some elementary results on
the InGaN QW blue laser in non-conventional orientation without including the impact of PZ field
and related QCSE have been recorded [44]. To the best of the author’s knowledge, there are no
experimental or numerical results on optical gain profile and subsequent power-current and frequency
response characteristics for the InGaN/GaN QW true blue laser in non-polar and semipolar orientation,
although there exists some experimental and theoretical results on optical gain and output power
profile for the InGaN/GaN QW-based green laser (λ > 500 nm) in polar (0001) and semipolar (2021)
orientation [45–47]. Firstly, the P-I response for the In0.26Ga0.74N/GaN multi-QW (2 pairs) green laser
in c-plane (0001) orientation (λ = 508 nm) was considered for verification [45] and shown in Figure 15.
The threshold current density (JTh) of 1.56 kA/cm2 and peak output power of 56.4 mW were found
for this laser system from our simulation; threshold current density of 1.85 kA/cm2 and peak output
power of 58 mW are reported in [45].



Crystals 2020, 10, 1033 19 of 24Crystals 2020, 10, x FOR PEER REVIEW 19 of 24 

 

 

Figure 15. Comparison of output power vs. current curve for InGaN/GaN QW-based green laser (λ = 

508 nm) calculated by our simulation model in polar (0001) orientation with the results reported in 

[45]. 

Secondly, the P-I response for the In0.29Ga0.71N/GaN double QW (DQW) green laser (λ = 525.5 

nm) on semipolar (202̅1)-oriented GaN substrate was considered for verification [46] and shown in 

Figure 16. The threshold current of 43.7 mA and peak output power of 1.58 mW were found for this 

laser system from our simulation; threshold current of 51.1 mA and peak output power of 1.50 mW 

are reported [46]. So, both results in Figures 15 and 16 are in good agreement; the small discrepancy 

may be due to assumptions of some parameters which are not mentioned in [45] and [46]. 

 

Figure 16. Comparison of output power vs. current curve for InGaN/GaN QW-based green laser (λ = 

525.5 nm) calculated by our simulation model on semipolar (202̅1)-oriented GaN substrate with the 

results reported in [39]. The QW is along (1̅014) orientation. 

Finally, the TE-polarized optical gain spectra for a 3 nm wide semipolar (202̅1)-oriented 

In0.35Ga0.65N single QW on (0001)-oriented GaN substrate for charge carrier density of 7 × 1012 cm−2 

was considered for verification [47] and shown in Figure 17. The topmost optical gain of 4990 cm−1 at 

lasing wavelength of 516 nm was found for this QW system from our calculation by “(17)”, whereas 

topmost optical gain of 5150 cm−1 at lasing wavelength of 517 nm is reported in [47]. So, peak gain 

and emission wavelength at green region have good agreement. However, the photoluminance 

lineshape broadening was found to be higher in [47] than the lineshape obtained in Figure 17. This 

Figure 15. Comparison of output power vs. current curve for InGaN/GaN QW-based green laser
(λ = 508 nm) calculated by our simulation model in polar (0001) orientation with the results reported
in [45].

Secondly, the P-I response for the In0.29Ga0.71N/GaN double QW (DQW) green laser (λ = 525.5 nm)
on semipolar 2021-oriented GaN substrate was considered for verification [46] and shown in Figure 16.
The threshold current of 43.7 mA and peak output power of 1.58 mW were found for this laser system
from our simulation; threshold current of 51.1 mA and peak output power of 1.50 mW are reported [46].
So, both results in Figures 15 and 16 are in good agreement; the small discrepancy may be due to
assumptions of some parameters which are not mentioned in [45] and [46].
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Figure 16. Comparison of output power vs. current curve for InGaN/GaN QW-based green laser
(λ = 525.5 nm) calculated by our simulation model on semipolar (2021)-oriented GaN substrate with
the results reported in [39]. The QW is along (1014) orientation.

Finally, the TE-polarized optical gain spectra for a 3 nm wide semipolar 2021-oriented In0.35Ga0.65N
single QW on (0001)-oriented GaN substrate for charge carrier density of 7× 1012 cm−2 was considered
for verification [47] and shown in Figure 17. The topmost optical gain of 4990 cm−1 at lasing wavelength
of 516 nm was found for this QW system from our calculation by “(17)”, whereas topmost optical gain
of 5150 cm−1 at lasing wavelength of 517 nm is reported in [47]. So, peak gain and emission wavelength
at green region have good agreement. However, the photoluminance lineshape broadening was found
to be higher in [47] than the lineshape obtained in Figure 17. This may be due to the inclusion of many
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body effects in order to calculate optical gain spectra in [47] combining Coulomb-hole self-energy and
Hartree–Fock energy correction.
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Figure 17. Calculated optical gain spectra for semipolar (2021)-oriented In0.35Ga0.65N single QW for
charge carrier density of 7× 1012 cm−2.

4. Conclusions

To recapitulate, the key optoelectronic performance of In0.17Ga0.83N/GaN QW blue laser was
studied numerically in conventional polar c-plane (0001) orientation as well as in non-polar (1010) and
semipolar (1012), (1122) and (1011) orientations with the application of six-band k.p Hamiltonian and
successive Euler’s rotation technique. The numerical results demonstrate that energy band dispersion
profile, momentum matrix elements, optical gain, output lasing power and frequency response
for different QW structures are strongly dependent on piezoelectric field and crystal orientations.
Energy splitting between conduction and valence subbands was seen to be higher in semipolar (1122)
crystal orientation. Highest lasing power output and lowest threshold current were attained for (1122)
crystal orientation because piezoelectric polarization-induced quantum confined stark effect in this
orientation was zero. The inspection of frequency response revealed that highest magnitude (dB)
response was also achieved for the semipolar (1122)-oriented QW laser structure. In conjunction
with these, the verification of our current numerical approach with some of the published results on
InGaN QW-based green laser in non-c-plane orientation confirms that the semipolar (1122)-oriented
In0.17Ga0.83N/GaN QW blue laser is expected to be a promising light source for high-speed free space
optical communication systems.
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Appendix A

The output power is obtained by using the simulation model of Figure A1 with I as input parameter
from a signal generator and S, N, Nb, and Pf as output parameters. The ramp input signal is applied to
the sum block-1 of Figure A1. It is added to the pumping current I to generate the electrical impulse of
the laser diode. The components connected with the upper sum block-2 (bigger sum) simulate the
carrier density rate equation in active and SCH layers. So, it is possible to capture the output of carrier
density from the end of these two blocks. Photon Density comes from the output of the lower sum
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block-3 connected with the lower bigger sum block-4. It is also converted to power output in watts by
using “(23)”. All simulations use a standard 4th-order Runge-Kutta algorithm with a fixed step size of
1ps as an equation solver.
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Appendix B

In order to find values to simulate the frequency response, an arbitrary point is chosen near the
threshold value of the P-I response curve such that the gain saturation term φ(S) will approach 1
for values of εΓcS � 1. Then, the non-linear rate equations from “(20)” to “(22)” are linearized for
constructing the state-space model of “(25)” by taking the partial derivative of each time-dependent
term with respect to photon and electron density. The components of “(25)” are shown below:

∂(dNb/dt)
∂Nb

=
−1
τcapt

− (Ab + 2BbNbop + 3CbN2
bop + 3CDL,bN2

bop + 4DDL,bN3
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Rw(N0)
)
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∂(dS/dt)
∂N

=
(
βAA + 2βBBNop + 3βCCN2

op

)
+ ΓcvgrQSop

∂(dS/dt)
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=
−1
τp

+ ΓcvgrG0 ln(
ANop + BN2

op + CN3
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op + DDL,wN4
op
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(
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op)
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